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56 Engineering Circuit Analysis

n, and resistance combination to find i; in

Use voltage division, current divisio
e ; sistance be changed to

the circuit of Fig. 2-52. (b) To what value should the 3-Q re

make i, = 1 A?

3Q
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i N = N
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Fig. 2-52: See Prob. 33.

Fig. 2-53: See Prob. 34.

34 The circuit shown in Fig. .53 shows several examples of independent current
and voltage sources in series and parallel. (a) Find the power absorbed by cach.
source. (b) To what value should the 4-V source be changed to reduce the power

i the —5-A source to zero? -

35 ilzgt‘lli?nbgp—amp has a gain A of 20 000 and a rt?sistance, R, =50 k!_!. inside the
op-amp between the inverting and noninverting inputs. The op-amp 18 conr!ectcd
as a voltage follower with v, = 1 V. Find: () vy (b) v;; () the power supplied by

US : . . . «
36 (a) Find v, for the voltage follower shown In Fig. 2-54a if A 1s lar.ge. (b) The
network shown in Fig. 2.54b is connected to the follower output. Find v;.

10 k2
. +
i 5 kS 6kQ S vy
1 mA 1k 1 -
) ) )

Fig. 2-54: See Prob. 36. (a)
n in Fig. 2-55 if A is large. (b) If the op-amp is

9

7 (a) Find v, for the circuit show .
i ; onnected together, what 1S Uy~

removed from the circuit and points a and b are ¢

15 k2 . } 1kQ
b +
10V 10 k2 1k <V

i .

Fig. 2-55: See Prob. 37.

Chapter 3

Some Useful Techniques of

Circuit Analysis

3-1
Introduction

We should now be familiar with Ohm’s Jaw and Kirchhoff’s laws and their
application in the analysis of simple series and parallel resistive circuits.
When it will produce results more easily we should be able to combine
resistors or sources in series or parallel and be able to use the principles of
voltage and current division. Most of the circuits on which we have been
practicing are simple and of questionable practical importance; they are
useful in helping us learn to apply the fundamental laws. Now we must begin
analyzing more complicated circuits.

Physical systems which we shall want to analyze and design in the coming
years will include electric and electronic control circuits, communication
systems, energy converters such as motors and generators, power distribu-
tion systems, interconnecting circuits for commercially available integrated
circuits, and entertainment or other devices which are now unknown. Many
of us will be confronted with allied problems involving heat flow, fluid flow,
and the behavior of various mechanical systems. In tHe analysis of any of
these cases it is often helpful to replace the system with an_equivalent
electric circuit. As an example, we might consider a transistor amplifier, an
electronic device which is part of many communication systems and control
circuits. Transistors, along with resistors and other passive circuit elements,
are used to amplify or magnify electrical signals (voltages or currents) and to
direct the amplified signals to desired loads. They are also widely used as
components of the high-speed electrical switches and logic circuits that
make up the digital computers that pervade our technological society. It is
possible to replace the transistor, the resistors, the other passive circuit
clements, the signal source, and the load by combinations of simple circuit
elements, such as current sources, voltage sources, and resistors. The prob-
lem solutions are then achieved by circuit analysis methods which we either
know already or will meet in this chapter.

When we are able to describe mathematically the behavior of fluid-flow
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58 Engineering Circuit Analysis

and heat-flow systems, the dynamic response of aircraft control surfaces,
and other nonelectrical phenomena, we shall see that the resultant equations
are often precisely analogous 10 those describing current and voltage rela-
tionships in electric circuits. We may decide, then, that it is much easier and
cheaper to construct the analogous electric circuit than it is to build a proto-
type of the actual physical system. The electric circuit may then be used to
predict the performance of the other system as various elements are changed
and may help achieve a better final design. This is the basis on which the
‘f electronic analog computer operates.
l It is evident that one of the primary goals of this chapter must be learning
methods of simplifying the analysis of more complicated circuits. Among
these methods will be superposition, loop, mesh. and nodal analysis. We
shall also try to develop the ability to select the most convenient analysis
method. Most often we are ‘nterested only in the detailed performance of an
isolated portion of a complex circuit; a method of replacing the remainder of
the circuit by a greatly simplified equivalent is then very desirable. The
equivalent is often a single resistor in series or parallel with an ideal source.
Thévenin’s and Norton’s theorems will enable us to effect this replacement.
We shall begin studying methods of simplifying circuit analysis by consid-
ering a powerful general method, that of nodal analysis.

3-2 In the previous chapter we considered the analysis of a simple circuit con-

Nodal analysis taining only two nodes. We found then that the major step of the analysis
was taken as we obtained a single equation in terms of a single unknown
quantity, the voltage between the pair of nodes. We shall now let the number

of nodes increase, and correspondingly provide one additional unknown
quantity and one additional equation for each added node. Thus, a three-
node circuit should have two unknown voltages and two equations; a ten-
node circuit will have nine unknown voltages and nine equations; and an
N-node circuit will need (N — 1) voltages and (N — 1) equations.

We consider the mechanics of nodal analysis in this section, but the justifi-
cation for our methods will not be developed until later in this chapter.

As an example, let us consider the three-node circuit shown in Fig. 3-1a.
We may emphasize the locations of the three nodes by redrawing the circuit,
as shown in Fig. 3-1b, where each node is identified by a number. We would
now like to associate a voltage with each node, but we must remember that a
voltage must be defined as existing between two nodes in a network. We thus
select one node as a reference node, and then define a voltage between each
remaining node and the reference node. Hence, we note again that there will
be only (N — 1) voltages defined in an N-node circuit.

We choose node 3 as the reference node. Either of the other nodes could
have been selected, but a little simplification in the resultant equations is
obtained if the node to which the greatest number of branches is connected 18
identified as the reference node. If there is a ground node, it is usually most
convenient to select it as the reference node. More often than not, the
ground node appears as a common lead across the bottom of a circuit
diagram.

Fig. 3-1: (a) A given
three-node circuit. (b) The
circuit is redrawn to em-
phasize the three nodes,
and each node is num-
bered. (c) A voltage, in-
cluding polarity reference,
is assigned between each
node and the reference
node. (d) The voltage
assignment is simplified
by eliminating the polarity
references; it is under-
stood that each voltage is
sensed positive relative to
the reference node.
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'1_"he voltage of node 1 relative to the reference node 3 is defined as v, , and
v, is defined as the voltage of node 2 with respect to the reference n.ode.
These two voltages are sufficient, and the voltage between any other pair of
ngdes may be found in terms of them. For example, the voltage of node 1
v\:’llh respect to node 2 is (v; — v2). The voltages v; and v, and their reference
signs are shown in Fig. 3-1c. In this figure the resistance values have also
been replaced with conductance values. .

The circuit diagram is finally simplified in Fig. 3-1d by eliminating all
voltage reference symbols. A reference node is plainly marked, and the
vo]lagc.placed at each remaining node is understood to be the voltage of that
node with respect to the reference node. This is the only situation for which
we should use voltage symbols without the associated plus-minus-sign pair
except for the battery symbol that was defined in Fig. 1-14b. ‘

We must now apply Kirchhoff's current law to nodes 1 and 2. We do this
by equating the total current leaving the node through the several conduc-
tances to the total source current entering the node. Thus,

0.5, + 0.2(v; —v)) =3
or 0.7v; — 0.2v, = 3 )]
At node 2 we obtain
v, + 0.2(v; —vy) =2
or —0.2v) + 1,20, =2 2

Equations (1) and (2) are the desired two equations in two unknowns, and
they may be solved easily. The results are:

1)1=5 A%
v, =25V
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Fig. 3-2: (a) A circuit
containing four nodes and
'| eight branches. (b) The
| same circuit redrawn with
! node voltages assigned.

Also, the voltage of node 1 relative to node 2 is {v_; —upy,0r25V, and any
current or power in the circuit may now be found in one step. qu example,
the current directed downward through the 0.5-U conductance 18 0.5v;, or

2.5 A.

Now let us incre
Fig. 3-2a, and it is redr
nient reference node chosen,
the currents leaving node 1:

ase the number of nodes by one. A new circuit is shown in
awn in Fig. 3-2b, with the nodes identified, a conve-
and the node voltages specified. We next sum

(v, — V) + 4 — vy) — (—8) — (-3)=0
or Tuy — 30y — dvy = —11 3)
At node 2:
3(02 . U|) ain 11)2 + 2(1}2 e U}) -3 = 0
or —3p, + 6vy — 203 = 3 (4)

and at node 3:
4(U3 . U|) i 2(03 - U2) + 5U3 —25 = 0

or —d4p, — 20y + 13 = 25 )
) through (5) may be solved by a simple process of elimination

Equations (3
ari : | Using the latter method,

of variables, or by Cramer’s rule and determinants.

we have
-1 -3 -4
3 6 -2
25 =2 11
BT 7 -3 -4
=3 6 —2
-4 =2 11

! Appendix 1 provides a short review of determinants and the solu
neous linear equations by Cramer’s rule.

tion of a system of simulta-
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Expanding the numerator and denominator determinants by minors along
their first columns leads to

AR e e
. 2ol T2 ul TP e 2
.
6 -2 -3 -4 -3 —4
ool T ult e

—11(62) — 3(—41) + 25(30) _ —682 + 123 + 750
7(62) + 3(—41) — 4(30) 434 — 123 - 120

191

=191 1V
Similarly,
7 —11 -4
-3 3 -2
-4 25 11
e T 2V
7 -3 -—11
-3 6 3
-4 -2 25
and Uy = - o1 L=3 V

The denominator determinant is common to each of the three evaluations
above. For circuits that do not contain either voltage sources or dependent
sources (i.e., circuits containing only independent current sources), this
denominator is the determinant of a matrix? that is defined as the conduc-
tance matrix of the circuit:

7 -3 —4
G=|-3 6 -2
-4 -2 11

It should be noted that the nine elements of the matrix are the ordered
array of the coefficients of Egs. (3), (4), and (5), each of which is a conduc-
tance value. The first row is composed of the coefficients of the KCL equa-
tion at the first node, the coefficients being given in the order of vy, v2, and
vs. The second row applies to the second node, and so on.

The conductance matrix is symmetrical about the major diagonal (upper
left to lower right), and all elements not on this diagonal are negative,
whereas all elements on it are positive. This is a general consequence of the
systematic way in which we assigned variables, applied KCL, and ordered
the equations, as well as of the reciprocity theorem, which we shall discuss

2 We shall not begin to manipulate matrices mathematically until Chap. 16; at that time a
rudimentary knowledge of linear algebra is presumed.




Fig. 3-3: The 2-U conduc-
tance in the circuit of Fig.
3.2 is replaced by an
independent voltage
source. Kirchhoff's cur-
rent law is used on the
supernode enclosed by
the broken line, and the
source voltage is set
equal to v3 — Va.
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in Chap. 16. For the present, we merely acknowledge the symmetry in these
circuits that have only independent current SOuUrces and accept the check
that it provides us in discovering errors we may have committed in writing
circuit equations.

We still must see how voltage sources and dependent sources affect the
strategy of nodal analysis. We now investigate the consequences of includ-
ing a voltage source.

As a typical example, consider the circuit shown in Fig. 3-3. Our previous
four-node circuit has been changed by replacing the 2-U conductance be-
tween nodes 2and 3 by a 22-V voltage source. We still assign the same node-
to-reference voltages, vy, V2, and vy. Previously, the next step was the
application of KCL at each of the three nonreference nodes. If we try to do
that once again, we see that we shall run into some difficulty at both nodes 2
and 3, for we do not Know what the current is in the branch with the voltage
source. There is no way by which we can express the current as a function of
the voltage, for the definition of a voltage source is exactly that the voltage is
independent of the current.

There are two ways out of these difficulties. The more difficult is to assign
an unknown current to the branch with the voltage source, proceed to apply
KCL three times, and then apply KVL once between nodes 2 and 3; the
result is four equations in four unknowns for this example.

The easier method is to agree that we are primarily interested in the node
voltages, so that we may avoid the current in the voltage-source branch that
is causing our problems. We do this by treating node 2, node 3, and the
voltage source together as a sort of supernode and applying KCL to both

nodes at the same time. This is certainly possible, because, if the total
current leaving node 2 is zero and the total current leaving node 3 is zero,
then the total current leaving the totality of the two nodes is zero.

The supernode is indicated by the shaded region enclosed by the broken
line in Fig. 3-3, and we shall set the sum of the six currents leaving the
supernode equal to zero. Beginning with the 3.0 conductance branch and

working clockwise, we have
3(02—U|)‘3+4(U3—U1)"25+5l)3+ 1U2=0
_'7U| + 402 + 903 =28

or

Fig. 3-4: (a) A voltage
follower feeds a finite

load R, . (b) The op-amp is
replaced with an equiva-
lent circuit that includes a
noninfinite R, and a non-
zero R,. Three node-to-
refe_rence voltages are
assigned, and one su-
Pernode is indicated.
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The KCL equation at node 1 is unchanged from (3):
71)] - 31)2 - 41)3 = —11

W'e_need one additional equation since we have three unknowns, and it must
utilize the fact that there is a 22-V voltage source between nodes 2 and 3

03—U2=22

Rewriting these last three equations,

Tu, — 3v, — dvy = —11
—Tv; + 4v; + vy = 28
—U; + Uy = 22
the determinant solution for v, is
-1 -3 -4
28 4 9
O I 22 -1 1]  —189
! =3 =2~ @ - WV
-7 4 9
0 -1 1

Notc. the lack of symmetry about the major diagonal in the denominator
deterrlnmant as well as the fact that not all of the off-diagonal elements are
negative. This is the result of the presence of the voltage source. Note also
that it would not make much sense to call the denominator the determinant
of the conductance matrix, because the bottom row comes from the equation
\:-::; + vy = 22, and this equation does not depend on conductances in any

The presence of a voltage source thus reduces by one the number of
nonreference nodes at which we must apply KCL, regardless of whether the
voltage source extends between (wo nonreference nodes or is connected
between a node and the reference.

Now let us consider a circuit containing a dependent source As our
example, we select the op-amp connected as a voltage follower, }éig. 3-4a.

(@
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This is the same circuit we investigated in the last section of Chapter 2,
except that a finite load resistance R; = 1 k() now appears between the
output terminal and ground. We represent the op-amp by a model that in-
cludes a noninfinite input resistance, R; = 50 kQ, and a nonzero output
resistance, R, = 2 kQ, as shown in the circuit of Fig. 3-4b; we assume a
typical value of A = 104,

Ground is selected as the reference node, and the three nonreference
nodes are assigned the voltages, U2, Vo, and va. We note that the independent
voltage source v; Causes the v, node and the reference node to form a
supernode; moreover, the dependent voltage source forces us to consider
the v; node and the reference node as a supernode also. Thus, the v, v,, and
reference nodes form one large supernode, shown by the shaded, broken-
line enclosure in Fig. 3-4b. Since the supernode includes the reference node,
we will not write a KCL equation for it. The only KCL equation to be

written is that at the v, node. It is

v, — U2 U, — U3 v,
o000 + 2000 1000 . ©6)

Let us set the independent source vz = 1 V. There are now two unknown
node voltages, v, and v3 in (6), and no other (independent) KCL equations
can be written. However, we musl still express the voltage of each voltage
source extending from node to node (and thus inside the broken-line enclo-
sure) in terms of the node voltages, and we must also express the control of
the dependent source (here, the voltage v;) in terms of the node voltages.

First, we look at all the voltage sources inside the supernode. The source
v, has been set equal to 1 V, and furthermore the node voltage itself was
designated v;. If we had been foolish enough to call it v, for example, then
we should have to write the trivial equation, vs = V2. Next is the source Av;.
Since it is connected between node 3 and ground, we have

Uy = — 1040,'

Finally, we must relate the currents or voltages on which the controlled
sources depend to the node voltages. Here, v; is defined across R;, and

v,-=v,,—v2=vo—1

To solve (6) for v,, welet vy = — 10%(v, — 1), obtaining one equation in one
unknown,

v, — 1 N v, + 104w, — 1) Vo _
50 000 2000 1000

We find that v, = 0.999 700 V, and thus the output voltage closely equals the
input even for an op-amp that has relatively low gain, low input resistance,
and high output resistance.

In passing, we note that the negative of the first term in (6) is the current
supplied by the 1-V source, here (1 — v,)/50 000 = 6.00 nA, an exceedingly
small value that is not apt to disturb the most delicate of sources. In contrast,
the output current is the third term in (6), v,/1000 = 1.000 mA, over 10° time$

2
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as large. Thus the voltage follower can deliver much more current and power
to the loa(.i than it draws from the source. In doing so it is not violating the
con.servatlon of energy, but merely drawing power from the dc supplies
which are usually not shown. ,

Let‘ us summarize the method by which we may obtain a set of nodal
equations for any resistive circuit:

1 Make a neat, simple, circuit diagram. Indicate all element and source
values. Each source should have its reference symbol.

2 Assuming that the circuit has N nodes, choose one of these nodes as a
referenc_:e node. Then write the node voltages vy, va, . . . ,Un—1at their
respective nodes, remembering that each node voltage is understood to
be measured with respect to the chosen reference.

3 If the circuit contains only current sources, apply Kirchhoff’s current
lgw a_t each nonreference node. To obtain the conductance matrix if a
c1rcg1t has only independent current sources, equate the total current
1eav11}g each node through all conductances to the total source current
entering that node, and order the terms from v; to Un-1. For each depen-
Qent curre.nt source present, relate the source current and the control-
!mg quantity to the variables vy, v2, . . . , Un-1, if they are not already
in that form.

4 If the circuit contains voltage sources, form a supernode about each one
by enclosing the source and its two terminals within a broken-line enclo-
sure,.thus reducing the number of nodes by one for each voltage source
tha‘t is present. The assigned node voltages should not be changed
Using these assigned node-to-reference voltages, apply KCL at each of
the npdes or supernodes (that do not contain the reference node) in this
modified circuit. Relate each source voltage to the variables vy, vz

., Un—1, if it is not already in that form. L

'With these suggestions in mind, let us consider the circuit displayed in

Fig. 3-5, one which contains all four types of sources and has five nodes. We
Fﬁg. 3-5: A five-node
circuit containing all of

the four different types of
sources.
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select the central node as the reference, and assign v, 10 U4 in a clockwise

direction starting from the left node.
After establishing a supernode about each voltage source, we see that we

need to write KCL equations only at node 2 and at the supernode contain?ng
both nodes 3 and 4 and the dependent voltage source. No extra gquatlon
need be written for the supernode which contains node 1 and the indepen-
dent voltage source; it is obvious that v; = —12'V.
At node 2,
U — Uy v — U3
o5 Tz 4

while at the 3-4 supernode,

UVl g sy, 4 S Bt = 0

We next relate the source voltages to the node voltages:
vy = -12
Uy — Vs = 0.2Uy = 0.2(04 - U])

And finally we express the dependent current source in terms of the assigned

variables:
0.5v, = 0.5(v2 — vy)

Thus, we obtain four equations in the four node voltages:
—20, + 2.5v, — 0.5v; = 14
v = —12
0

0.1!)] — U2 ot 0.503 + 1.41)4
0.2v, + v3 — 1.2v4 = 0

Fig. 3-6: See Drill Probs.
3-1 and 3-2.

G
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3-3
Mesh Analysis

The technique of nodal analysis described in the preceding section is com-
pletely general and can always be applied to any electrical network. This is
not the only method for which a similar claim can be made, however. In
particular, we shall meet a generalized nodal analysis method and a tech-
nique known as loop analysis in the concluding sections of this chapter.

First, however, let us consider a method known as mesh analysis. Even
though this technique is not applicable to every network, it can be applied to
most of the networks we shall need to analyze, and it is probably used more
often than it should be; other methods are often simpler. Mesh analysis is
applicable only to those networks which are planar, a term we hasten to
define.

If it is possible to draw the diagram of a circuit on a plane surface in such a
way that no branch passes over or under any other branch, then that circuit
is said to be a planar circuit. Thus, Fig. 3-7a shows a planar network, Fig.
3.7b shows a nonplanar network, and Fig. 3-7c shows a planar network,
although it is drawn in such a way as to make it appear nonplanar at first

glance.

to which the solutions are il /, \Ii
/ N
v = —12 \V4 Fig. 3-7: (a) A planar AAN AN s AN \_11 L S ANN
network can be drawn on L T, h\ / oM /
vn,=-4V a plane surface without 3 L?-? v f_f'! G r-‘J
o crossovers. (b) A non- 9 . \\ /I. < & - \/K
vy = planar network cannot be —MNA—— VW \ () Za S ( ) al p
2V drawn on a plane surface - o s\ \._/ N ) / e :’\\
4 without at least one cross- b3 " \ ,J"‘" 7 /’ ;..r‘ IT\‘
: - . — = 2.¢ foloment A over. (c) A planar network i ol N
Drill Problems 3-1. Use nodal analysis to find v in the c1'rcu1t.sho.wr;)1n Fl%‘ S ?eliii tor: (¢) 8 e ibe dra\'l)vn <6 Hanit [ ) Y ] N —ANA——¥ g AN
is: (a) a 2-A current source, arrow pointing right; (b) an ' may look nonplanar. @ @ 5

he positive reference on the right.

10-V voltage source, t P ol

In the second chapter, the terms path, closed path, and loop were defined.
Before we define a mesh, let us consider the sets of branches drawn with
rrow pointing left; (b) heavy lines in Fig. 3-8. The first set of branches is not a path since four
the left: (¢) an open circuit: (d) 8 branches are connected to the center node, and it is of course also not a loop.
=14, )4y —22:3; = .73 V The second set of branches does not constitute a path since it is traversed

f element A is: (a)

o find v, in the circuit of Fig. 361
. a dependen! volt-

3.2. Use nodal analysis t
a dependent current SOurce, 0.2u,, 2
positive reference on

Ans: 49.3;

age source, 3ig, the
short circuit.
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Fig. 3.8: (a) The set of
branches identified by the
heavy lines is neither a
path nor a loop. (b) The
set of branches here is
not a path, since it can be
traversed only by passing
through the central node
twice. (¢) This path is a
loop but not a mesh,
since it encloses other
loops. (d) This path is
also a loop but not a
mesh. (e) and (f) Each of
these paths is both a loop
and a mesh.

Fig. 3-9: Two currents, iy
and ip, are assumed in a
two-mesh circuit.

(@) ® @
@ ) "

only by passing through the cemrlaLnodehtwice. The remaining four paths are
circuit contains 11 branches.
all’llﬁzpr?{ergt?eis a property of a planar circuil.and is not deﬁne(_i for a nﬁn-
planar circuit. We define a mesh as a Ioop_whtf:h does not contain any 0;1 e‘r
loops within it. Thus, the loops indicated in E|g. 3_-81‘ and d are not mesl es,
whereas those of e and fare meshes. Once a cnrcu!t has bee‘n drawn neat y in
planar form, it often has the appearance ofa mll,:inpaned window; each pane
i - dow may be considered to be a mesh. o
" Ittk”]:. :/el?vsgrk is ;ﬁanar, mesh analysis can be used to accomph:_sh its an‘aly-
sis. This technique involves the concept of a mesh current, ?Nhlch we shall
introduce by considering the analysis of the 1wo-m_csh circuit gf Fig. 3-9.
As we did in the single-loop circuit, we shall begin by assuming a curr‘egt
through one of the branches. Let us call the currept ﬂown}g to lthe nlg “t
through the 6-Q resistor ij. We intend to app}y Kirchhoff s VO tage. ?ﬁ
around each of the two meshes, and the resulting two equations are su ;i
cient to determine two unknown currents. Therefor_e we select a secor’lu
current i, flowing to the right in the 4-Q) resistor. We might 'filso chp(_)se t(?d(:d ;
the current flowing downward through the central branch_ iy, but it is eviden
from Kirchhoff’s current law that i; may be expressed in terms of the tvv:)1
previously assumed currents as (iy — ip). The assumed currents are shown 1

Fig. 3-9.

i b2y
= ==
3 8 0V
} Gy -y

Fig. 3-10: A clockwise
mesh current is assigned
to each mesh of a planar
circuit.

-
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Following the method of solution for the single-loop circuit, we now apply
Kirchhoff’s voltage law to the left-hand mesh,

—42 + 6ip + 35, — i) =0
or 9i, — 3i; = 42 Q)
and then to the right-hand mesh,
—3(i; — iy + 4i, —10=0
or —3i, + 7, = 10 &)

Equations (7) and (8) are independent equations; one cannot be derived
from the other.? There are two equations and two unknowns, and the solu-
tion is easily obtained: i, is 6 A, i is 4 A, and (i; — iy) is therefore 2 A. The
voltage and power relationships may be quickly obtained if desired.

If our circuit had contained M meshes, then we should have had to assume
M branch currents and write M independent equations.* The solution in
general may be systematically obtained through the use of determinants.

Now let us consider this same problem in a slightly different manner by
using mesh currents. We define a mesh current as a current which flows only
around the perimeter of a mesh. If we label the left-hand mesh of our prob-
lem as mesh 1, then we may establish a mesh current i, flowing in a clock-
wise direction about this mesh. A mesh current is indicated by a curved
arrow that almost closes on itself and is drawn inside the appropriate mesh,
as shown in Fig. 3-10. The mesh current i is established in the remaining
mesh, again in a clockwise direction. Although the directions are arbitrary,
we shall always choose clockwise mesh currents because a certain error-
minimizing symmetry then results in the equations.
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We no longer have a current or current arrow shown directly on each
branch in the circuit. The current through any branch must be determined by
considering the mesh currents flowing in every mesh in which that branch
appears. This is not difficult because it is obvious that no branch can appear
in more than two meshes. For example, the 3-{) resistor appears in both
meshes. and the current flowing downward through it is (i; — i2). The 6-()
resistor appears only in mesh 1, and the current flowing to the right in that
branch is equal to the mesh current 7.

A mesh current may often be identified as a branch current, as i; and i; are

3 It will be shown in Sec. 3-8 that mesh equations are always independent.
4 The proof of this statement will be found in Sec. 3-8.
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Fig. 3-11: Mesh currents
iy, iz, and iy are assumed
in a five-node, seven-
branch, three-mesh cir-
cuit.

ys true, however, for consideration of a

i i _This is not alwa
e e ows that the central mesh current cannot

square nine-mesh network soon sh

i i i branch.
e identified as the current 1n any .
° One of the greatest advantages in the use of mesh currents 1s the fact that

Kirchhoff's current law is automatically satisfied. If a mesh current flows

i i i t of it also.
into a given node, 1t obviously ﬂOWS‘ ou o
m We tgherefore may turn our attention to the application of KVL to each

mesh. For the left-hand mesh,
—42 + 61] + 3(1[ - 12) =0

while for the right-hand mesh,
(i, — i) + 4~ 10=20
o (7) and (8).

seven-branch, three-mesh 01rcu¥t
d as indi-

and these two equations are equivale(rllt t
Let us next consider the ﬁve-np e, :
shown in Fig. 3-11. The three required mesh currents are assigne

cated, and we methodically apply K VL about each mesh:
—7+1(i]—i2)+6+2(i1—i3)=0
(i, — i) + 202 + 3, — k) =0
2is — 1) — 6+ 30— i)+ 1li3=0

Simplifying, .
e 3i|-i2—2l3:1
—il + 612 - 313 =0
—2i1 o 312 + 613 =6
and Cramer’s rule leads to the formulation for i3:
3 -1 1
-1 6 O
hol2 2 ol __3 A
} 3 -1 -2 39
-1 6 -3
-2 -3 6

The other mesh currents are i) = 3 A, and i = 2 A.

5&2; @ gzgg

fig. 3-12: Mesh analysis
1S applied to this circuit
containing a current
Source by writing the KVL
8quatiori about the loop:
7V, 10,30,10.
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Again we notice that we have a denominator determinant that is symmetri-
cal about the major diagonal and has positive terms on the major diagonal
and zero or negative terms off it. This occurs for circuits that contain only
independent voltage sources when clockwise mesh currents are assigned,
where the elements appearing in the first row of the determinant are the
ordered coefficients of iy, i», . . . , iy in the KVL equation about the first
mesh, where the second row corresponds to the second mesh, and so on.
This symmetrical array appearing in the denominator is the determinant of
the resistance matrix of the network,

3 -1 =2
R=|-1 6 -3
-2 -3 6

How must we modify this straightforward procedure when a current
source is present in the network? Taking our lead from nodal analysis (and
duality), we should feel that there are two possible methods. First, we could
assign an unknown voltage across the current source, apply KVL around
each mesh as before, and then relate the source current to the assigned mesh
currents. This is generally the more difficult approach.

A better technique is one that is quite similar to the supernode approach in
nodal analysis. There we formed a supernode, completely enclosing the
voltage source inside the supernode and reducing the number of nonref-
erence nodes by one for each voltage source. Now we create a kind of
“supermesh” from two meshes that have a current source as a common
element; the current source is in the interior of the supermesh. We thus
reduce the number of meshes by one for each current source present. If the
current source lies on the perimeter of the circuit, then the single mesh in
which it is found is ignored.’ Kirchhoff’s voltage law is applied only to those
meshes or supermeshes in the modified network.

As an example of this procedure, consider the network shown in Fig. 3-12,
in which a 7-A independent current source is in the common boundary of
two meshes. Mesh currents iy, i, and i; are assigned, and the current source

s Such a current source is a common element with the mesh that “encloses’’ the outside of the
entire circuit. Just as we do not write a nodal equation at the reference node, we do not write a
KVL equation for this external mesh.

|
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i ior i and 3.
causes us to create a supermesh whose interior is that of meshes 1

Applying KVL about this loop,
-7 + 1(l| - 12) + 3(!3 - 12) + 113 =0
r i, — 4i + 4z = 7 ‘ 9)
o
| and around mesh 2,
1(12 - 11) + 212 + 3(!2 - 13) =0

or —iy 4+ 6iy — 33 =0 (10)
Finally, the source current is related to the assumed mesh currents,
i — i =1 1
Solving (9) through (11), we have
—1 6 0
1 -4 7
1 0 7| _28 _ 2 A
B=T"7 6 —3| 14
1 -4 4
1 0o —1

=9Aandi2=2.5A. el

The presence of one or more dependent sources merely requnrea‘eac .

these sour;:e quantities and the variable on which 1t‘ger;ends to l::ee)\a\;e«rs“(ﬁe
i . assi wents. In Fig. 3-13, for exampic,

in terms of the assigned mesh curren for e, e
i dent current source are inciu

at both a dependent and an independ ok aen :

lr:::w\f(::»rk. Three mesh currents are assigned and KVL is applied to mesh 2

1y — 0) + 202+ 3, — i) =0

We may also find that i

Fig. 3-13: The presence
of two current sources in
this three-mesh circuit
makes it necessary to
apply KVL only once,
around mesh 2.

hes 1 and 3. Since the 15-A source is

e O - H 5
The current sources appear in me et

gl ircuit, we may elim

ated on the perimeter of the circuit, . ‘

1cf)c::t;lsaidcration. Then. the dependent current source is o_n.the penmc:]e; o(f) o

moéiﬁed network, and thus we avoid any equation writing for rl:lers t‘o-r.e o
mesh 2 remains, and we already have an equation for it. We there

our attention to the source quantities, obtaining

>
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=15
and %UX = i3 — i] = %[3(13 - 12)]
Thus, —iy + 6, —3i3 =0

i] =15
_i| + %12 + %13 &= 0
from which we have i, = 15, i, = 11, and i; = 17 A. We might note that we
wasted a little time in assigning a mesh current i; to the left mesh; we should
simply have indicated a mesh current and labeled it 15 A.

Let us summarize the method by which we may obtain a set of mesh
equations for a resistive circuit:

1 Make certain that the network is a planar network. If it is nonplanar,
mesh analysis is not applicable. '

2 Make a neat, simple, circuit diagram. Indicate all element and source
values. Resistance values are preferable to conductance values. Each
source should have its reference symbol.

3 Assuming that the circuit has M meshes, assign a clockwise mesh cur-
rent in each mesh, iy, &, . . ., im.

4 If the circuit contains only voltage sources, apply Kirchhoff’s voltage
law around each mesh. To obtain the resistance matrix if a circuit has
only independent voltage sources, equate the clockwise sum of all the
resistor voltages to the counterclockwise sum of all the source voltages,
and order the terms, from i, to iy. For each dependent voltage source
present, relate the source voltage and the controlling quantity to the
variables iy, i, . . . , iy, if they are not already in that form.

5 If the circuit contains current sources, create a supermesh for each
current source that is common to two meshes by applying KVL around
the larger loop formed by the branches that are not common to the two
meshes; KVL need not be applied to a mesh containing a current source
that lies on the perimeter of the entire circuit. The assigned mesh cur-
rents should not be changed. Relate each source current to the variables
iy, B2, . . . iy, if it is not already in that form.

Drill Problems

Fig. 3-14: See Drill
Probs. 3-3 and 3-4.

3-3. Use mesh analysis to find v, in the circuit of Fig. 3-14 if clement A is:
(a) a 4-V voltage source, the positive reference at the top; (b) a 9-Q) resistor;
(¢) a 600-mA current source, arrow directed downward.

Ans: 23.7,23.6,23.9V

98 80

VW +
* v, e
4 20V ic
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3.4, Use mesh analysis to find ic in Fig. 3-14if element A is: (@) @ dependent
voltage source, 0.2va4, the positive reference at the top; (b) @ dependent
current source, 0.5iz, arrow directed downward. Ans: 0.462; —0.281 A

3-4 All the circuits which we have analyzed up to now (and which we shall
Linearity and analyze later) are linear circuits. At this time we must be more specific in
superposition defining a linear circuit. Having done this, we can then consider the most
important consequence of linearity, the principle of superposition. This prin-
ciple is very basic and will appear repeatedly in our study of linear circuit
analysis. As a matter of fact, the nonapplicability of superposition to nonlin-
ear circuits is the reason they are sO difficult to analyze.

The principle of superposition states that the response (a desired current
or voltage) at any point in a linear circuit having more than one independent
source can be obtained as the sum of the responses caused by each indepen-
dent source acting alone. In the following discussion, we shall investigate
the meaning of ““linear”’ and ‘‘acting alone.”” We shall also take note of a
slightly broader form of the theorem.

Let us first define a linear element as a passive element that has a linear
voltage-current relationship. By a “‘linear voltage-current relationship’” we
shall mean simply that multiplication of the time-varying current through the
element by a constant K results in the multiplication of the time-varying
voltage across the element by the same constant K. At this time, only on¢
passive element has been defined, the resistor, and its yoltage-current rela-

tionship

u(t) = Ri(1)

is obviously linear. As a matter of fact, if v(¢) is plotted as 2 function of (1),
the result is a straight line. We shall see in Chap. 4 that the defining voltage-
current equations for inductance and capacitance are also linear relation-
ships, as is the defining equation for mutual inductance presented in
Chap. 15.

We must also define a linear dependent source as a dependent current OF
voltage source whose output current or voltage is proportional only to the
first power of some current or voltage variable in the circuit or to the sum of
such quantities. That is, a dependent voltage source, Us = 0.6i; — l4vy, is
linear, but vs = 0.6i;2 and v, = 0.6ijv; are not.

We may now define a linear circuit as a circuit composed entirely of
independent sources, linear dependent sources, and linear elements. From
this definition, it is possible to show?® that ‘‘the response is proportional to

§ The proof involves first showing that the use of nodal analysis on the linear circuit can produce
only linear equations of the form:
aw, a0 c+awn=0b
onstants
r 1), the v; are the unknown node voltages
source values:
at the solutio?

where the a; are constants (combinations of resistance or conductance values, €
appearing in dependent source expressions, 0, 0
(responses), and b is an independent source value or a sum of independent
Given a set of such equations, if we multiply all the b’s by K, thenitis evident th
of this new set of equations will be the node voltages Kui, Kv;, . - - » KUn-

Fig. 3-15: A three-node
circuit, containing two
forcing functions, used to
illustrate the superposi-
tion principle.

¢
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i ), S

cuirzcr)lltlgcs, or that multllphcatlon of all independent source voltages and

o E; atcor};t?nt 1K increases all the current and voltage responses by
ctor including th

iy g the dependent source voltage or current out-

Th i i
develﬁ; pmtohset Sllrilpi(;rtan'tt. consequence of linearity is superposition. Let us
position principle by consideri fi o

W . . : ring first the circuit of Fig.

forcé \;vhl:cg:;ontam's two ¥n§iependent sources, the current generators whilcgh

YA ripts i, and i, into the circuit. Sources are often called forcin

unct ;Ifd (t)}rlt is reason, and the voltages which they produce between nodi
e reference node may be termed response functions, or simply

responses. Both the forcing fun i
time. g functions and the responses may be functions of

The two nodal equations for this circuit are
0.7v; — 0.2v, = i, (12)
—0.2v; + 1202 = ip (13)

Now i
let us perform experiment x. We change the two forcing functions to

i, and ip; the two unknown volt i i
them be v, and v,,. Thus, ages will now be different, and we shall let

0.7v1, — 0.20y = i (14)
—0.2vy, + 1200 = ipx (15)

We next perform experi i
. periment y by changing the sour ] [
and by letting the responses be v, and vyy, b

0.7v1y — 0.2vy = iy (16)
—0.2vy, + 1205 = ipy (17)
These three sets of equations describe the same circuit with different source

currents. Let us add or i
vy superpose the last two sets of equations. Adding (14)

(0.71)1.( + 0.7U|y) . (0.2U2x + 0.2U2y) = iax + iay (]8)
0.7v, = 0.2v;
and adding (15) and (17),

la (12)

—(0.2v1, + 0.2vyy) + (1.2v2, + 1.202)

ipe T ipy (19)
—0.2v; + 1.2v; = iy (13)

where (12) has been written immedi
easy comparison. immediately below (18), and (13) below (19) for
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ations allows us to compare (18) with (12) and

(19) with (13) and draw an interesting conclusion. If we select iy and lay such
that their sum is is, select iy and iy, such that their sum is i, then the desired
responses vy and v, may be found by adding v 10 Uiy and va, 1O Uy respec-
tively. In other words, we may perform experiment X and note the re-
sponses, perform experiment y and note the responses, and finally add the
corresponding responses. These are the responses of the original circuit to
independent sources which are the sums of the independent sources used in
experiments X and y. This is the fundamental concept involved in the super-

position principle.

It is evident that we may exte
current into as many pieces as
perform experiments zand ¢ also.
of the pieces be equal to the original current.
The superposition theorem usually appears in a form similar to the fol-

lowing:

The linearity of all these equ

nd these results by breaking up either source
we wish; there is no reason why we cannot
It is only necessary that the algebraic sum

In any linear resistive network containing several sources, the volt-
age across or the current through any resistor or source may be
calculated by adding algebraically all the individual voltages or cur-
rents caused by each independent source acting alone, with all other
independent voltage sources replaced by short circuits and all other
independent current sources replaced by open circuits.

Thus if there are N independent sources, We perform N experiments. Each

independent source is active in only onc experiment, and only one indepen-
dent source is active in each experiment. An inactive independent voltage
source is identical wit ctive independent current

h a short circuit, and an ina
source is an open circuit. Note that dependent sources are in general active
in every experiment.

The circuit used as an €
much stronger theorem mig
may be made active and inactiv

xample above, however, should indicate that a
ht be written; a group of independent sources
e collectively, if we wish. For example,

suppose there are three independent sOurces. The theorem above states that
we may find a given response by considering each of the three sources acting
alone and adding the three results. Alternatively, we may find the response
due to the first and second sources operating with the third inactive, and
then add to this the response caused by the third source acting alone. This
amounts to treating several sources collectively as a sort of supersource.
There is also no reason that an independent source must assume only its
given value or a zero value in the several experiments; it is only necessary
for the sum of the several values to be equal to the original value, An inactive
source almost always leads to the simplest circuit, however.
Let us illustrate the application of the superposition principle by consider-
ing an example in which both types of independent source aré present. For
the circuit of Fig. 3-16, let us use superposition 10 write an expression for the

Fig. 3-16: A circuit, con-
taining both an indepen-
dent current and voltage
source, which is easily
analyzed by the superpo-
sition principle.

Fmig. 3-17: Superposition

th'ay b_e u§ed to analyze

inls circuit by first replac-
9 the‘ 3-A source by an

?epen Circuit and then

! _yplacrng the 10-V source

-'d'e:eShon circuit. The

s % \:dent vg!lage source

i ays active (unless

x =
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unkn ]
e O(t))\;var;lfiﬁgc;hocr:?rrentf Ix .dWe may first set the current source equal to zero
ion of i, due to the voltage sour i
anc ohy ce as 0.2 A. Then if we let
e ?Sltsdge source be zero and a_lpply current division, the remaining portion
. een to be 0.8 A. We might write the answer in detail as

3 6

I = l.\'li_‘;() —+ i,\'|U_‘-:() = 6 T 9 + 2 6 T 9 . 0.2 + 0.8 . 1.0 A

A . L
Corltsa fm extm:jple of the application of the superposition principle to a circuit

ning a ependent source, consider Fig. 3-17. We seek iy, and we first
open-circuit the 3-A source. The single mesh equation is N a

—10 + 2i; + liy +2i, =0
so that
ir=2
N g
ext, we short-circuit the 10-V source and write the single-node equation

v v 2iY

7t =3
and relate the dependent-source-controlling quantity to v"
v = =20y
We find
iy=-0.6
and, thus,

=il +il=2-06=14

It usually turns out that li i i i
ittle if any time is saved i i
! il s in analyzing a circui
c?pr:::an;:rlgt hO:Z or m?rf‘: dependent sources by use of the superpofition pr;lrit
. re must always be at least two sources i i i
s es in opers : i
pe&c{ient source and all the dependent sources. PRI
¢ must constantly be aware of the limitations of superposition. It is

2Q 19
g +
ix
10V v 3A 20,




78 Engineering Circuit Analysis

r
applicable only to linear responses, and thus _tk'le mlc;st cor;golr; né):rlllsr;gzr
response——power——is not subject to supefposmon. or €x del;i)ve,r e
two 1-V batteries in series with a ]—Q resistor. The pov\{er ST
resistor is obviously 4 W, but if we rms'takenly try t(Zi alt)lp yt;\;pto tpa T
might say that each battery alone furnished 1 W and thus

9 W. This is incorrect.

h of the circuits shown in Fig. 3-18.
Ans: —175; 200; 50 mA

3.5. Use superposition to find i, in eac

Drill Problem

10 40 Q
Fig. 3-18: See Drill Prob. 0182 0.382

3-5.

—
N
<
>

(o)

: ; — m—
In all our previous work we have been making continual use of ideal voltag
€ b

; ; 5 ality by consid-
3-5 .t is now time to take a step closer to reality sid

. and current sources;1tis n o0y ‘ ' st
Source transforma Zt'ing practical sources. These sources will enable us to make more real
tions :

f physical devices. Having defined the practical sourc:f:*:;
we shall then study methods whereby practical cu_rr‘;:m a?(ihxéol‘tﬁgciﬁoug:ch
) i he ithout affecting the remainder 0 circuit. Suc
may be interchanged wi i A be ST
i - lont sources. Our methods will be app
ources will be called equivalent SOUrces. be apr lore
T:?Jltl;]bindependenl and dependent sources, although we shall see later th
i X sources. _
are not as useful for dependent sou _ A "
lh{':I}fhc ideal voltage source was defined as a device whose tet mu‘m‘l :;:Ii:.zﬁt i
independent of the current through it. A 1-V d;: T?}T}E}cg{ﬁ;oflﬁ\i;ﬂgh e
¢ resis and a current O a l-4
A through a 1-{) resistor and @ ‘ ‘ o5
ll*esi-ator' itb may provide an unlimited amou:l'u ;:i powerl. Il:li:;s:zz:! Rl
ts practi F course, agreed that a rea
ists practically, of course, and we agl : AL Vo e
zz:.:-ccpmighl be represented by an ideal voltage source EJnly dlbn:i)llcg -
relatively small currents, Or powers, wWere d.rawn from }t. }_'(;:‘atiax&lc Eol{age
automobile storage battery may be approximated by an 1

representations 0

imi 3 g one who has
source if its current is limited to a few amperes. However, anyon

i ar : bi
ever tried to start an automoor ts On TUsE-
that the lights dimmed perceptibly when the battery was asked

le with the headlights on must have observed

to deliver the

Fig. 3-19: (a) A practical
source, which approxi-
mates the behavior of a
Certain 12-V storage bat-
tery, is shown connected
10 a load resistor R, . (b)
The relationship between
Land v, is linear.
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heavy starter current, 100 A or more, in addition to the headlight current.
Under these conditions, an ideal voltage source may be a very poor repre-
sentation of the storage battery.

The ideal voltage source must be modified to account for the lowering of
its terminal voltage when large currents are drawn from it. Let us suppose
that we observe experimentally that a storage battery has a terminal voltage
of 12 V when no current is flowing through it and a reduced voltage of 11 V
when 100 A is flowing. Thus, a more accurate model might be an ideal
voltage source of 12 V in series with a resistor across which 1 V appears
when 100 A flows through it. The resistor must be 0.01 €2, and the ideal
voltage source and this series resistor comprise a practical voltage
source, Thus, we are using the series combination of two ideal circuit ele-
ments, an independent voltage source and a resistor, to model a real device.

We should not expect to find such an arrangement of ideal elements inside
our storage battery, of course. Any real device is characterized by a certain
current-voltage relationship at its terminals, and our problem is to develop
some combination of ideal elements that can furnish a similar current-volt-
age characteristic, at least over some useful range of current, voltage, or
power.

This particular practical voltage source is shown connected to a general
load resistor R; in Fig. 3-194. The terminal voltage of the practical source is
the same as the voltage across Ry and is marked vy .

Figure 3-19b shows a plot of load current i, vs. load voltage v, for this
practical source. The KVL equation for the circuit of Fig. 3-19a may be
written in terms of i; and vy:

12 . 0.0IiL + Ur,
and thus
i = 1200 — 100v,

This is a linear equation in i; and vy, and the plot in Fig. 3-196 is a straight
line. Each point on the line corresponds to a different value of R, . For
example, the midpoint of the straight line is obtained when the load resis-
tance is equal to the internal resistance of the practical source, R, = 0.01 Q.
Here, the load voltage is only one-half the ideal source voltage.

i) (A)
i
1200 “5¢

900

.01 §2
[ AN

12V ()
|

600 |- ,
Practical

£y 300 source

e he +1
-
! Yl

L aAn, |

L1 N\ ee
0 2 4 6 8 1012 v, (V)
(&)

0
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practical source is open-cir
voltage, 18 Uroc =
the load termina
would flow. In practice, suc
destruction of the short circu
incorporated in the circuit.

we should note that the values 0
i;-up curve.

Fig. 3-20: (a) A general
practical voltage source
connected to a load resis-
tor R.. (b) The termine_:l
voltage decreases as I,
increases and RL = (n
decreases.

the terminal voltage rema
practical voltage source,
ideal source only when the load

3.20a. The voltage of the ideal source is Uy,

rent whatsoever is being drawn by the loac!, th.e
cuited and the terminal voltage, or oper.\-cutc_un
— 12 V. If, on the other hand, R, =0, thereby sh_ort-cnrcunmg
- hort-circuit current, lrse = 12'00 A,
t would probably result in the
uring instruments

When R, = « and no cur

Is, thena load current ors
h an experimen
it, the battery, and any meas

tical voltage source,

traight line for this prac :
o determine the entire

ince the plot of ir, Vs. UL is : _
o . f Uoe and irse uniquely

i i ir- t for an ideal voltage source;
broken line shows the i;-vr plo
e ins constant for any value of load current. For the

the terminal voltage has a value near that of the

current is relatively small. '

nsider a general practical voltage source, as shown in Fig.
and a resistance R, called an

ed in series with it. Again, we
lly present, Or that we wquld
o account for a terminal
Its presence enables
losely.

Let us now ¢o
internal resistance oY output resistance, 18 plac

must note that the resistor is'
wire or solder into the circuit, but merely serves t

voltage which decreases as the loaQ current increases. i
us to model the behavior of a physical vol.ta_ge source mor
The linear relationship between vr and ir 18

vp = Us — RsulL

not one that is rea

20

and this is plotted in Fig. 3-20b. The open-circuit voltage and short-circuit

rrent are
N ULoc = Us @
e = B 22)
lrsc Rsv

Once again, these values are the intercepts for the straight line on Fig. 3-20b,

and they serve o define it completely.
An ideal current source is also nonexiste
sical device which will deliver a constan

nt in the real world; there is no

phy
i |
I‘Ideal
; irsc = | source
R, <L v./Rgy I
—ANN L s |l
| ' |
. i
I C) v Ry Practical \
5 . source |l
1 ® - I—— 1] §
_ il 00 Vroc T Vs

t current, regardless of the load

Fig. 3-21: (a) A general
practical current source
connected to a load resis-
tor R.. (b) The load cur-
rent provided by the prac-
tical current source is
shown as a function of
the load voltage.
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i
. . Ideal source
L Tpse=1s s
— —
4 Practical
source
i, R,; vy R,
o = | B
(@) YLoe = Rsi's

(&)

resistance to which it is connected or the voltage across its terminals. Cer-
tain transistor circuits will deliver a constant current to a wide range of load
resistances, but the load resistance can always be made sufficiently large
that the current through it becomes very small. Infinite power is simply
never available.

A practical current source is defined as an ideal current source in parallel
with an internal resistance R,;. Such a source is shown in Fig. 3-21a, and the
current iz, and voltage v; associated with a load resistance R, are indicated.
It is apparent that

" . UL

=i R (23)
which is again a linear relationship. The open-circuit voltage and the short-
circuit current are:

ULoe = Ryl (24)
irge = Is (25)

The variation of load current with changing load voltage may be investi-
gated by changing the value of R, as shown in Fig. 3-21b. The straight line is
traversed from the short-circuit or northwest end to the open-circuit termi-
nation at the southeast by increasing R, from zero to infinite ohms. The
midpoint occurs for R, = Ry;. It is evident that the load current i; and the
ideal source current i, are approximately equal only for small values of load
voltage, obtained with values of R, that are small compared with R;.

Having defined both practical sources, we are now ready to discuss their
equivalence. We shall define two sources as being equivalent if they produce
identical values of v; and i, when they are connected to identical values of
R, , no matter what the value of R; may be. Since Ry, = 0 and R; = o« are two
such values, then equivalent sources provide the same open-circuit voltage
and short-circuit current. In other words, if we are given two equivalent
sources, one a practical voltage source and the other a practical current
source, each enclosed in a black box with only a single pair of terminals on
it, then there is no way in which we can differentiate between the boxes by
measuring current or voltage in a resistive load.
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The conditions for equivalence are now quickly established. Since the
open-circuit voltages must be equal, from Egs. 21) and (24) we have ) 5 mr
5
ULoc = Us = Rsiis (26)
The short-circuit currents are also equal, and Egs. (22) and (25) lead to Fig. 3-22: (a) A given 3A 20 6V
practical current source.
U (b) The equivalent practi-
fse = R Ly cal voltage source: Ry, = 0 B
Ry = Rs: vs = Rls. @ -0
It follows that {b)
Ry, = Rsi = Rs @7 and current sources, we have therefore .
su s,. power transfer theorem: BiovEdpthefolloRInE e s
and v, = Ry (28)
where we now let R, represent the internal resistance of either practical An independent voltage source i ;
" ) e in series
source. . ‘ . . with a resistance R, or an independent
As an example of the use of these ideas, consider the practical current current source in p.arallel with 2 n
source shown in Fig. 3-22a. Since its internal resistance is 2 (). the internal tance R, delivers a maxim (LGN R R
resistance of the equivalent practical voltage source is also 2 £1; the voltage that load resistance R fOrumh.p?lwer to
of the ideal voltage source contained within the practical voltage source is R,. & which R, =
2)3) =6V. The equivalent practical voltage source is shown in Fig. 3-22b.

To check the equivalence, let us visualize a 4-Q resistor connected to each
source. In both cases a current of 1 A, a voltage of 4 V, and a power of 4 W
are associated with the 4-Q load. However, We should note very carefully

Th i

theugsr, et:; rrtlax1mum power transfgr theorem tells us that a 2-Q) resistor draws

e st power (4.5 W) from either practical source of Fig. 3-22, whe
istance of 0.01 Q receives the maximum power (3.6 kW) in I*:ig 3rf9as

that the ideal current source is delivering a total power of 12 W, while the Drill Problem
ideal voltage source is delivering only 6 W. Furthermore, the internal resis- & 3-6. (¢) Let R, = 80 Q in Fig. 3-23a and find i,. (O) T for -
tance of the practical current SOUrce s absorbing 8 W, whereas the internal current source into a practical voltage source ;ﬁd a aira%s glm.the RS
resistance of the practical voltage source is absorbing only 2 W. Thus we sc€ () Flnd.the power supplied by the ideal source in e'%chn gL
that the two practical sources are only equivalent with respect to what of R, will absorb a maximum power, and what is t(he Calse. (d) Whothie B
transpires at the load terminals; they are not equivalent internally! | Ans: 20 mA: 20 mA: 160 mW 4v0a ue of that power?

A very useful power theorem may be developed with reference to 2 practi- :'92)3-2& See Drill . ' , 40 mW; 20 Q, 50 mW
cal voltage or current source. For the practical voltage source (Fig. 3-20a robs. 3-6 and 3-7. T nn ?_x
with Ry, = Ry), the power delivered to the load Ry is R, —)

2R v'RL 1Q 29
= l e __——————_-; y
pL = iR = (R ¥ R ,__@_. ng
: : —100
To find the value of R, that absorbs a maximum poWer from the given i 24V 24V
practical source, we differentiate with respect to Ri: AN
20
dp _ (Ro+ Rufvl = olRUOR * R) o -
dRL (Rv + RL)4 a)
and equate the derivative to zero, obtaining, 3-7. Transform both 24-V practical sources in Fig. 3-23b into practical c
: ur-

5

o R. = R ;omz)[i?e“i/c}l]eal.voltage sources. (@) If R, = 2 Q, find the power delivered
V\;ﬁat i at is the maximum power that can be delivered to any R e“’ (to
o values of R, will have exactly 5 W delivered to them? i’

Ans: 4.5 W: 6 W; 0.280 and 1.587 Q)

Since the values, R = 0 and R, = %, both give a minimum (pr = 0 and
since we have already developed the equivalence between practical voltag® —
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3-6
Thévenin’s and
Norton’s theorems

Now that we have the superposition principle, it is possible to develop two
more theorems which will greatly simplify the analysis of many linear cir-
cuits. The first of these theorems is named after M. L. Thévenin, a French
engineer working in telegraphy, who first published a statement of the theo-
rem in 1883; the second may be considered a corollary of the first and is
credited to E. L. Norton, a scientist formerly with the Bell Telephone
Laboratories.

Let us suppose that we need to make only a partial analysis of a circuit;
perhaps we wish to determine the current, voltage, and power delivered to a
single load resistor by the remainder of the circuit, which may consist of any
number of sources and resistors; or perhaps we wish to find the response
for different values of the load resistance. Thévenin's theorem then tells us that
it is possible to replace everything except the load resistor by an equivalent
circuit containing only an independent voltage source in series with a resis-
tor; the response measured at the load resistor will be unchanged. Using
Norton’s theorem, W€ obtain an equivalent composed of an independent
current source in parallel with a resistor.

It should thus be apparent that one of the main uses of Thévenin's and
Norton's theorems is the replacement of a large part of a network, often a
complicated and uninteresting part, by a very simple equivalent. The new,
simpler circuit enables us to make rapid calculations of the voltage, current,
and power which the original circuit is able to delivertoa load. It also helps
us to choose the best value of this load resistance. In a transistor power
amplifier, for example, the Thévenin or Norton equivalent enables us to
determine the maximum power that can be taken from the amplifier and the
type of load that is required to accomplish a maximum transfer of power Or
to obtain maximum practical voltage or current amplification.

As an introductory example, consider the circuit shown in Fig. 3-24. The
shaded regions separate the circuitinto networks A and B;we shall assume that
our main interest is in network B, which consists only of the load resistor Rp.
Network A may be simplified by making repeated source transformations.
We first treat the 12-V source and the 3.0) resistor as a practical voltage
source and replace it with a practical current source consisting of a 4-A
source in parallel with 3 . The parallel resistances are then combined into
2 Q), and the practical current source which results is transformed back into a
practical voltage source. The steps ar¢ indicated in Fig. 3.25, the final result
appearing in Fig. 3-25d. From the viewpoint of the load resistor Rp, this
circuit (the Thévenin equivalent) is equivalent to the original circuit; from
our viewpoint, the circuit is much simpler and we can now easily compute
the power delivered to the load. It is

n=(orm) R

Furthermore we can se¢ from the equivalent circuit that the maximum volt-
age which can be obtained across Ry is8V when Ry, = ®1a quick transfor-
mation of network A to 2 practical current source (the Norton equivalem
indicates that the maximum current which may be delivered to the load is

lfig. 3-24: A simple resis
tive circuit is divided into
network A, in which we

have no detailed interest
and network B, a load ’

resistor with which we are

fascinated.

Fig. 3-25: The source
transformations and resis-
tance combinations in-
volved in simplifying net-
work A are shown in
order. The result, given in
(d), is the Thévenin equiv-
alent.
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for R, = 0; :
oR; when R 1 ) i
ap%?farent from the original circuit . is 9 . None of these facts is readily
network T

mations and 2: s}il:t(il :f:rlénog? co_mphcated, the number of source transfor

. mbinations neces ] i
Norton . sary to obtain the Théveni
. ;2:;‘;1:“&00‘1“ easily become prohibitive; also, with lziee‘;)eerxg Oi
e A ;mdeNmetho,d of source transformation is usually inap li((::n
much more quickly ar?c;ton _Sltheorems A B cli)rcuai;

easily, even in more complic ircui
s . a
Let us now state Thévenin’s theorem formally: plicatgdicienic

Given any linear circuit, rearrange it i -
ey ] ge it in the form of two networ
" eithera; ;r; groknr;ectteq together by two resistanceless conduc'i(osrls‘1
il ontains a dependent source, its control variablé
e Whgn;le network. Define a voltage v,. as the open-
o pA Lo dlc would appear across the terminals of A if B
gt i vol‘: SO t.hat no‘current is drawn from A. Then all the
g P 1 ages in B will re_rnain unchanged if A is Kkilled (all
L R A age sources and independent current sources in A
y short circuits and open circuits, respectively) and an

independent voltage sou i
i : ] rce v, is connected, wi i
in series with the dead (inactive) A network, hiproper o Rty
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The terms killed and dead are a little bloodthirsty, but thfay are' dfslcil l;z)t;:ie:
¥, and we shall use them in a friendly way. 1\.;101 eover, it 1 de 1
e ‘k A may only be sleeping, for it may still contain depe ]n ens
o gclzz I\f;;iﬁlcome to life whenever their controlling currents or voltage
sou

are nonzero. . apply Thévenin’s theorem successfully to the circuit

e rlllsSiEZfeg i\:LF";g.l 3.24. Disconnecting R, ., voltage 511\#13:01.1 e.nabllﬁz 1:; -13
\(;/etcomine that v, i1s 8 V. Killing the A netwo!‘k, that is, rcpldct?\%ork o
sguerrce by a shor: circuit, we see looking back into the d?ad Afng': ey

i ected in series with the parallel combination O . esi-smr
fl?ﬁllls;('z;: ?1:2:.1 A network can be represemed here by simply a 9-Q r :
R ?vll[:ltsi?‘ciri?:zu;alvcesgéiaincd is completely independent of thi

Thte i)?ll(w;eiause we have been instructed first to remove lhi B{ nc(;W:rL ¢
. Iclle V‘claasl.l‘rc the open-circuit voltage produced by the A network, d::ndp{ o
o h certainly does not depend on the B network in any way, T
?(?r;)l\zgécth?: inactive A network in series wi:h a V?Ila:lglz :E“:;g.:t{e 1h::31

i i o @ root 0 at
. netwf)rk ls n;cnl:}ng::l):nh::heﬁk;tc;?l::lmﬂ:)njl'l::”{'f' Wh(h' {H'l'ﬂﬂgt‘.’”i‘”.’ Uf
Eel?enice}z;\sla:fn:-mz[::ected (o the A network; the B network represents this
ger;fral 2?!§0{':éveniﬂ‘s theorem in the form in which we hgve sta;’l(ed 1tt }12
ratheI;r(l)englhy. and therefore it ‘has been placed 1n Appendix 3 where
cu?ﬁ?:eﬂ;:;ggzgz:z1?1:f)iﬁ:;u':{:o]h.l the theorem which dcs;:ll'viht??przgzui?‘:
First, the only restriction that we must impose on A' (;.r ién(-):;i:i;ruit dis T

ine that the original circuit composed pfA and B be..d “.\- _ ,1 e

1tltllge dependent sources in A have their control vana_blce. in A, z};cc;}r:cr -

for B. No restrictions were imposc‘d on the compiclx'lty og fc?;‘re;u ol

may contain any combination of independent vo tdgf.‘. ‘ B

. -ndent voltage or current sources, resistors, or any otheh & .

b de'pb?l' h are linear. The general nature of the theorem (and its pro 5

ek?ment?)lvfr 'llio be applied to networks containing inductors and calpacuols.

Wlll_ ena' “l'l ar a;‘;ive circuit elements to be defined in the tjoilo_wmg chapj

wth:fl‘l;i;ngr‘:lcp }%t‘}wevcr, resistors are the only passive (_:11:cunLele_:1;n:;

i:va;.ich have been defined, and 1he_applicallop of‘ Thé’;ﬁ:ige?;dl,:ﬁ; o

resistive networks is a particularly s‘lmpie spcrilal. ca\se.R Sy

can be ,-eprcsenlcd by a sis}glebcquwal;t:]lltl rlr;:s:;r::::wc ,;‘. nctwo.rk o

] ] 'K > 1 5 S E L4

reszsrwfl r;)etwaOlq‘;r;f;It::Lgqltlilfhalznrl?cl:lsistancc, which we shall :cllﬁ()‘ caflll i::f’.

El?}?é?/:ﬂn :esisl‘amce, since it is once again the resistance viewed a

inals inactive A network. -

R s oftg:i:c:::'ll;vczr’: z?t:llusc resemblance 10 Thévenin's thOI-FlT?-]ldge

Normnv:: uence of duality. As a matter of fact, lh_c two sla_ucn?e‘nl_:s. \}ulqsc

?ltstfirf:}r:n :xwmplc of dual language when the duality principle 1S discus

el < <
in the following chapter.
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Norton’s theorem may be stated as follows:

Given any linear circuit, rearrange it in the form of two networks A
and B that are connected together by two resistanceless conductors.
If cither network contains a dependent source, its control variable
must be in that same network. Define a current i, as the short-
circuit current which would appear at the terminals of A if B were
short-circuited so that no voltage is provided by A. Then all the
voltages and currents in B will remain unchanged if A is killed (all
independent current sources and independent voltage sources in A
replaced by open circuits and short circuits, respectively) and an
independent current source i, is connected, with proper polarity, in
parallel with the dead (inactive) A network.

The Norton equivalent of an active resistive network is the Norton current
source i, in parallel with the Thévenin resistance R,.

There is an important relationship between the Thévenin and Norton
equivalents of an active resistive network. The relationship may be obtained
by applying a source transformation to either equivalent network. For exam-
ple, if we transform the Norton equivalent, we obtain a voltage source R i,
in series with the resistance R, ; this network is in the form of the Thévenin
equivalent, and thus

Voe = thi.vc (29)

In resistive circuits containing dependent sources as well as independent
sources, we shall often find it more convenient to determine either the
Thévenin or Norton equivalent by finding both the open-circuit voltage and
the short-circuit current and then determining the value of Ry, as their quo-
tient. It is therefore advisable to become adept at finding both open-circuit
voltages and short-circuit currents, even in the simple problems which fol-
low. If the Thévenin and Norton equivalents are determined independently,
(29) may serve as a useful check.

Let us consider four examples of the determination of a Thévenin or
Norton equivalent circuit. The first is shown in Fig. 3-26a; the Thévenin and
Norton equivalents are desired for the network faced by the 1-k{} resistor.
That is, network B is this resistor, and network A is the remainder of the
given circuit.

This circuit contains no dependent sources, and the easiest way to find the
Thévenin equivalent is to determine Ry, for the dead network directly, fol-
lowed by a calculation of either v, or i,.. We first kill both independent
sources to determine the form of the dead A network. With the 4-V source
short-circuited and the 2-mA source open-circuited, the result is the series
combination of a 2-kQ and 3-kQ resistor, or the equivalent, a 5-kQ resistor.
The open-circuit voltage is easily determined by superposition. With only
the 4-V source operating, the open-circuit voltage is 4 V; when only the
2-mA source is on, the open-circuit voltage is also 4 V; with both independent




Fig. 3-26: (a) A given
circuit in which the 1-k&2
resistor is identified as
network B. (b) The _
Thévenin equivalent is
shown for network A. (c)
The Norton equivalent is
shown for network A.

Fig. 3-27: (a) A given

network whose Thévenin
equivalent is desired. (b)

A possible, but rather
useless, form of the

Thévenin equivalent. (c)

The best form of the

Thévenin equivalent for
this linear resistive net-

work.
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av(®) O 1kQ

)]

5k 21k
8V 1.6 mA

(b) ©

—4+4=8YV. This determines the
3.26b, and from it the Norton equivalent
As a check, let us determine iy for the
and a little current division:

sources operating, we S€€ tllmt Voe
Thévenin equivalent, shown in Fig.
of Fig. 3-26¢ can be drawn qutt,?klly.
given circuit. We use superposition

A
s scl4 .SC 2mA 2 — 0.8 0.8 1.6 m

which completes the check. —y
the second example, we cOnst ; ‘ :
wtﬁih cmftains both independent and dependent sources. The presence 0

the dependent source prevents us from determining Rd,,. dirc;tiaf E:;:]hj 1n‘:l1rc;‘-j
; i ination; instead, we nn o

i work through resistance combin i

t'lw:’lzic;3 Lﬁnd ... we note that vy = Voe» and that the dependent source current

f:(‘ . o ,

network A shown in Fig. 3-27,

2 kS 2k
_l ANV AN
o+ Vx vy
4\1( ) 4000
T T
(@)
2k - .
- _W\‘.._. m +( +3+—0
3 k&2 et
v
= Uy
| 4000
l. = ) ]
)
- e
\ 10k

Fig. 3-28: The Thévenin
equivalent of this voltage
follower is desired for
terminals a-b.
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must pass through the 2-kQ resistor since there is an open circuit to the right.
Summing voltages around the outer loop:

~v,
4000

and Uy = 8 = Ve

—4+2X103< )+3x103(0)+vX:0

By Thévenin’s theorem, then, the equivalent could be formed with the dead
A network in series with an 8-V source, as shown in Fig. 3-27h. This is
correct, but is not very simple and not very helpful; in the case of linear
resistive networks, we should certainly show a much simpler equivalent for
the inactive A network, namely R;. We therefore seek is. Upon short-
circuiting the output terminals in Fig. 3-27a, it is apparent that v, = 0 and the
dependent current source is zero. Hence, i, = 4/(5 X 10*) = 0.8 mA. Thus,
Ry = Uoelise = 8/(0.8 X 1073) = 10 k2, and the accepted Thévenin equivalent
of Fig. 3-27¢ is obtained.

Another example for which we should find both v,, and i,. appears in Fig.
3-28. The circuit happens to be an op-amp connected as a voltage follower

104y,

withv, =5V, R; =, A = 10, and R, = 2 k(. To find vz, we set R, =, 0or
we simply consider it to be removed from the circuit. There now can be no
current through the 2-k{ resistor, and therefore

Uroe = —1041),'
where
Ui = ULroe — 5
Therefore
_10%5)
VLo = o001 - 000 Y

Next we need a value for i/, ; so we replace R by a short circuit. Around the
right mesh, KVL gives

10%; + 2000iz, = 0

while the application of KVL around the perimeter of the circuit gives
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containing no indepen-
dent sources, whose
Thévenin equivalent Is
desired. (b) R is numer
cally equal to v. (c) The
Thévenin equivalent of (

Fig. 3-29: (a) A network,

alysis
-5-1v;,=0
S 104—95) + 2000i5c = 0
and iree = 25.0 A
We find Ry, by the quotient,
thi%f:%:&mo Q i

L at a-b by the voltage fol-
f resistance, 0.200 €.

aving a dependent source
Fig. 3-29a. The network
— (). We thus seek

Thus, the Thévenin equivalent preslentcd ::eRQ
is i ceries with a very low va
lower is 5.00 V in series 2 Bl st

al exe let us consider ané '
As our final example, e
but no independent source, such as that 511::21;1(1:13“‘1 »
therefore qualifies already as the dce_tq A nctermidal o
the value of Ru represented by :.-lhl‘b w\»'cu;'e
: and take their quoti
cannot find Uy and iy @ P uoHiERt,”
source in the network and both v, and i are

i cternally,
i oy, We apply @ 1-A source exterr e .
lz;tgtcl:e z:':gkl?;en set Ry = v/l Referring to Fig. 3.29h, we see

v — 1.5(=1) +E: i
3 2
so that b
R,h == 06 Q

and

The Thévenin equivalent is shown in Fig. 3-29¢.

L5 i ,
i - JE— s sl =

a). {2}

380 1
—AAN— e d_—"_:._ -
v ‘ iA

1.514 28
e i

k. However, wWe
nt. for there is no independent
zero. Let us, therefore, be a

measure the resultant volt-
thati = —1 and

Table 3-1: Recom-

mended methods of find-
ing Thévenin or Norton

equivalents
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We have now looked at four examples in which we determined a Thévenin
or Norton equivalent circuit. The first example (Fig. 3-26) contained only
independent sources and resistors, and we were able to use several different
methods on it. One involved calculating R, for the dead network and then
v, for the live network. We could also have found R, and i, Or U, and i,..

In the second and third examples (Figs. 3-27 and 3-28), both independent
and dependent sources were present, and the only method we used required
us to find v,. and i,.. We could not easily find R, for the dead network
because the dependent source could not be made inactive.

The last example did not contain any independent sources, and we found
R, by applying 1 A and finding v = 1 X R,,. We could also apply 1 V and
determine i = 1/R,,. These Thévenin and Norton equivalents do not contain
an independent source.

These important techniques and the types of circuits to which they may be
applied most readily are indicated in Table 3-1.

Circuit contains
AN~
vy ) — AAN——
- N ‘\“ ’} - {_r\‘-
- ' N
@ P ¢y
Methods s
R and v, OF g ~ o =
Voo and isc Possible y I
i=1Aorv=1V . “ >

All possible methods do not appear in the table. We have used repeated
source transformations on several networks when there were no dependent
sources, and this is certainly an easy technique for networks that do not
contain too many elements. Another method has a certain appeal because it
can be used for any of the three types of networks tabulated in the foregoing.
Simply replace the B network by a voltage source v,, define the current
leaving its positive terminal as i, then analyze the A network to obtain /, and
put the equation in the form v, = ai + b. Evidently, a = Ry, and b = v,.. Of
course, we could also apply a current source i, let its voltage be v, and then
determine v = ai, + b. This procedure is universally applicable, but some
other method is usually easier and more rapid.

Although we are devoting our attention almost entirely to the analysis of
linear circuits, its is enlightening to know that Thévenin's and Norton’s
theorems are both valid if network B is nonlinear; only network A must be
linear.

E
Drill Problems

3-8. Find the Thévenin equivalent for the network of: («) Fig. 3-30a; (b) Fig.

3-30h. Ans: 356V, 40 Q; v/(1 — g,.R). (Ry + R — g,R))
3-9. Find the Norton equivalent for the network of: (a) Fig. 3-30c: (b) Fig.
3-30d. Ans: 0 A, 14.6 Q: 0.75 A, 26.7 Q)
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Fig. 3-30: See Drill
Probs. 3-8 and 3-9.

3-7
Trees and gqneral
nodal analysis

t Analysis

In this section we shall generalize the method of nudalt! zu:;;.ly:;;s ;:ilnx:::\:l;arvke
't : i al analysis is applicable 10 ¢ s
- 1o know and love. Since noda _ aily \
(\;::::mt:mnol promise that we shall be able to solve a ;J\;tder Clalihi\l Of;:é?;
{ . sver ard to being able to select a
-oblems. We can, however, look fprwd i gEloct &
Eloct):lal analysis method for any particular problem that may result in fewer
tions and less work. B . .
qu$e must first extend our list of definitions relating to networ E‘%p?.k;iﬁ;
We begin by defining topology itself as a bfanllclfl‘1 of geoEitt:‘ya:: :lcnd!];mged
i . aronertics of a geometrical figure W ic ange
cerned with those properties O e
is twis : folded, stretched, squeezed.
when the figure 18 twisted, bent, . ; ingen
i -ovisi g arts of the figure are to be cut apa
5. with the provision that no parts of t b _ oyl
ii;g(j?:;ﬁed logclhf:r. A sphere and a tetrahedron are t.opoil?gu,ally Iden;;d:{;::
ir .ms of electric circuits, then, we are
re a square and a circle. In terms 0O i hen Lty
Ecl:a:mf\;ercrl'led with the particular types of elements appcarmz;g ll;:(:!;z?tc?ot
i > way | ich branches and nodes are arranget. .
only with the way In whic rasganged. 88 B il
suppress t { the elements and simplily _
fact, we usually suppress the nature O _ R e e
: ircui S i lements as lines. The resulta |
of the circuit by showing the e line  resUlAnE S
inear graph, or si » oraph. A circuit and its graph a
called a linear graph, or simply a graph- o o
i : are identified by heavy dots In g ;
Fig. 3-31. Note that all nodes are 1 1 by heavy Cos 3.
i . of the circuit or its graph arc _
Since the topological properties O cuit 2y e
when it is disté)rtcd, the three graphs shqwn in Fig. 3-32 are all topologically
identical with the circuit and graph of Fig. 3-31.

i i T i - analysis methods
7 This and the following section may be postponed if desu'cfd. T'hey |§‘1t;0g(iiu:na:!n;1§:h e
i .¢ using node-to-reference v s ‘
re a little more general than those usi ; ‘ . .
t”lt“\:ilet:izr1 use can lead to fewer equations or more useful current and voltage varna

Fig. 3-31: (a) A given
circuit. (b) The linear
graph of this circuit.

Fig. 3-32: The three
graphs shown are topo-
logically identical to each
other and to the graph of
Fig. 3-31b, and each is a
graph of the circuit shown
in Fig. 3-31a.

Fig. 3-33: (a) The linear
graph of a three-node
nNetwork. (b), (c), (d), and

(€) Four of the eight dif-

:remt trees which may be
mlr]awn for this graph are
OWn by the heavy lines.
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(b)

o

(@}

{c)

Topological terms which we already know and have been using correctly
are:

node: a point at which two or more elements have a common connection.

path: a set of elements that may be traversed in order without passing
through the same node twice.

branch: a single path, containing one simple element, which connects one
node to any other node.

loop: a closed path.

mesh: a loop which does not contain any other loops within it.

planar circuit: a circuit which may be drawn on a plane surface in such a
way that no branch passes over or under any other branch.

nonplanar circuit: any circuit which is not planar.

The graphs of Fig. 3-32 each contain 12 branches and 7 nodes.

Three new properties of a linear graph must now be defined, a tree, a
cotree, and a link. We define a free as any set of branches which does not
contain any loops and yet connects every node to every other node, not
necessarily directly. There are usually a number of different trees which may
be drawn for a network, and the number increases rapidly as the complexity
of the network increases. The simple graph shown in Fig. 3-33a has eight

possible trees, four of which are shown by heavy lines in Figs. 3-33b, ¢, d,
and e.

) ) () {d) {(e)

{a
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Fig. 3-34: (a) A linear
graph. (b) A possible tree
for this graph. (¢) and (d)
These sets of pranches do
not satisfy the definition
of a tree.

: E e e
_ () & () ()
is shown. Figure 3-34b shows one
ig. 3- a more complex graph 1s $ ‘ y
In'lljlls 'tr?,ezhzmd Figs. 3-34c and d show sets of branches which are n
si , . _ St |
It)lz:ses because neither set sat_lsﬁgs ';lhe d;ﬁ:rlltégzsatl;l(;\tlz ot of the ree
has been specified, thOS€ r : it
Aft:lrlj zl;e:t?’ee or complement of the tree. The lightly d;awr}el;rgx;ce 4
;O'rm 3.33) to e’ show the cotrees that correspond to _the fi\g i cor.\cept
1z(%S[.lce we understand the construction of a tree and its cotree,

“ . g
[6) >

i ending on
evident that any particular branch may or may not be a link, dep

i which is selected.
th?rﬁarrtlllfrlll}g::rtroefelinks in a graph may be related to thc:1 numbert(l);: lzr:;nihel;
. i N nodes, then exac
ery simply. If the graph has a
?)nd nﬁS: Sarve rz,quir:d to construct a tree because the first b;arr:lc;)hrec S
Z)?lr;lcects two nodes and each additional branch includes on
c

Thus, given B branches, the pumber of links L must be
L=B-(N-1
L=B-N+1 (30)

5 1 e tree.
There are L branches in the cotree a}n(;}(N —nz))t:tr::z:l;ei ‘Sn—{h3 s
. aphs shown in Fig. 3-35, W€ e
- ‘myt?fc:;‘l?:iggrd%-;tb 6=10 -5+ 1. A network may lbe_ in f-clvjr:?l:
tdhecgl;:an{:ac{ed paris. and (30) may be made more general b_y Fet;‘asglgi s
% Where i the number of separate pars WIS g o nodes to
’ i s i ductor, thus caus e
wo separate parts by a single con " . tor. This
o lwr?oscfé)' no c?lrrenl can flow through this single Wd“d}:“';‘:;e hall
e 0;1 ?my be used to join any number of separate parts, an tt E{rcuit; for
DO ffer any loss of generality if we restrict O L ‘
not s
i St ; : i set of
Wh\l’;’:: gre now ready to discuss a method by vffhwh we mafh:: l\l:r:il?enable
dal equations that arc independent and_sufﬁcwm. The menetwork il
¥ to obtain many different sets of equations for the sal.“c'd us wi:(h every
:.JI?C Zets will be valid. However, thie method dois . plz::ce iliustrate it by
: - ; ibe the procedure, _
ible set of equations. Let us first descri L e inde-
Et?sgéb;i:r?:ples qand then point out the reason that the equations af
T L]

pendent and sufficient.
Given a network, we should:

or

1 Draw a graph and then id?ntify a tree.
2 Place all voltage sources 1n the tree.
3 Place all current sources in the cotree.

Fig. 3-35: (a) A circuit
used as an example for
general nodal analysis. (b)
The graph of the given
circuit. (¢) The voltage
source and the control
voltage are placed in the
tree, while the current
source goes in the cotree.
(d) The tree is completed
and a voltage is assigned
across each tree branch.
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4 Place all control-voltage branches for voltage-controlled dependent
sources in the tree, if possible.

5 Place all control-current branches for current-controlled dependent
sources in the cotree, if possible.

These last four steps effectively associate voltages with the tree and cur-
rents with the cotree.

We now assign a voltage variable (with its plus-minus pair) across each of
the (N — 1) branches in the tree. A branch containing a (dependent or
independent) voltage source should be assigned that source voltage, and a
branch containing a controlling voltage should be assigned that controlling
voltage. The number of new variables that we have introduced is therefore
equal to the number of branches in the tree (N — 1), reduced by the number
of voltage sources in the tree, and reduced also by the number of control
voltages we were able to locate in the tree. In the third example below, we
shall find that the number of new variables required may be zero.

Having a set of variables, we now need to write a set of equations that are
sufficient to determine these variables. The equations are obtained through
the application of KCL. Voltage sources are handled in the same way as in
our earlier attack on nodal analysis; each voltage source and the two nodes
at its terminals comprise a supernode or a part of a supernode. Kirchhoff’s
current law is then applied at all but one of the remaining nodes and su-
pernodes. We set the sum of the currents leaving the node in all of the
branches connected to it equal to zero. Each current is expressed in terms of
the voltage variables we just assigned. One node may be ignored, just as was

the case earlier for the reference node. Finally, in case there are current-
controlled dependent sources, we must write an equation for each control
current that relates it to the voltage variables; this also is no different from
the procedure used before with nodal analysis.

Let us try out this process on the circuit shown in Fig. 3-35a. It contains
four nodes and five branches, and its graph is shown in Fig. 3-356. In accor-

+ vx e
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i LR 15 §2
s L .
100 “v("") :‘3‘"4 o ﬁ
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Fig. 3-36: (a) The circuit

of Fig. 3-5 is repeated. {b)
A tree is chosen such that

poth voltage sources and
both control voltages are
tree branches.

dance with steps 2 and 3 of the tree-drawing procedure, we place the voltage
source in the tree and the current source in the cotree. Following step 4, we
see that the Ux branch may also be placed in the tree since it does not form
any loop which would violate the definition of a tree. We have now arrived at
the two tree branches and the single link shown in Fig. 3-35¢, and we see that
we do not yet have a tree since the right node is not connected to the others
by a path through tree branches. The only possible way to complete the tree
is shown in Fig. 3.35d. The 100-V source voltage, the control voltage Ux, and
a new voltage variable v are next assigned to the three tree branches as
shown.

We therefore have two unknowns, Ux and vy, and itis obvious that we need
to obtain two equations in terms of them. There are four nodes, but the
presence of the voltage source causes two of them to form a single su-
pernode. Kirchhoff's current Jaw may be applied at any (WO of the three
remaining nodes or supernodes. Let’s attack the right node first. The current
leaving to the left is —u/15, while that leaving downward is —p,/14. Thus,

our first equation is
Uy Ux

The central node at the top looks easier than the supernode, SO W€ set the
sum of the current (0 the left, —u:/8, the current to the right, vi/15, and the
downward current through the 4-Q resistor equal to zero. This latter current
is given by the voltage across the resistor divided by 4 Q. but there is no
voltage labeled on that link. However, when a tree is constructed according

to the definition, there is a path through it from any node to any other node.
Then, since every branch in the tree is assigned a voltage, we may express
the voltage across any link in terms of the tree-branch voltages. This down-
ward current is therefore (—vx + 100)/4, and we have the second equation,

_&+ﬁ+:£u@_0
g 15 4 -
The simultaneous solution of these two nodal equations gives Uy = —-60 V,

Fig. 3-37: (a) A circuit for
which only one general
nOQal equation need be
written. (b) The tree and

the tree-bra
nch
Ueod. voltages
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As a second exam
ple, let us reconsider ¢ .

first ana e sider a more complex circui

The circl:iﬁg Ely td e?m-n g all node voltages with respect to a I‘efecrlé:}lctehm :,V i
b6th voltage soa-o Fig. 3-5, repeated as Fig. 3-36a. We draw a tree Sn(ihe.
&G4 siid, o ui cc‘:s an_d both cqnlrol voltages appear as trrt:e—I:)ramcho ?l
constituu:.- . trz‘::‘ ;?gdsilggzd Vac;'lablcs. As it happens, these four branzﬁé;

’ < T , and tree- )
chosen, as shown. e-branch voltages vy, 1, vy, and 4v, are

20 + W, — v, — 4v,) =2

1Uy + 2(Uy -1+ 1(4vy + vy — v) = 2,

3 N an

supernode, we need write onl .
node, we have y one KCL equation. Selecting the lower left

v -
By, w30 +6n
1 +3+ 3 =0
and it follows that v, = =% V i
AL . = —3 V. In spite of the a i
ircuit ! pparent com i
il n:e,st;li use of general nodal analysis has led to an easy squItJilgilmé WEeD
r urrents or node-to-reference voltages would i R0y,
tions and more effort. R
We shall discuss the
_ roblem i i
T P of finding the best analysis scheme in the
If we should need to k
. now some other volta i
) oV ge, current,
E)hzwous examp_le, one additional step would give the answeorlgoWer N
power provided by the 3-A source is 3(=30 — 32y = —122 8&5 o
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. F the ass set of tree-
Let us conclude by discussing the sui[l';lc:enc}' ;}t‘ l?;ufi;;lgecllf :l:‘ncse .
>s independence of the noda S e
branch voltages and the in f every branch in either t
ufficie . the voltage of every
e ltages are sufficient, then : : alues of all
b‘.‘mt;r; rt:)e c%)!rec must be obtainable from a knowk.L%gel ?f thc:‘ii:\ulhc oy
l{1(:etrce-branch voltages. This is certainly true for those bran no;le‘% and, by
l1“(?1‘ the links we know that each link extends be{we(;:; l\:-loence ;:;fery ik
3 : . 4 als nect those two nodes. s
ition, the tree must also con : o e [tages.
iircfli::llge may also be established in terms of the tree; b]'d?(t:[::);:l 1'§cn .
C‘()nc{: the voltage across every branch in th_e cn‘culll is e c‘urrenl £ thie
i ither the given value
" may be found by using €l : PRI R ranch, or
?l Lecnl:ionq¥sls of a current source, Ohm's law if it iS’d 10251:;1: ‘; S ol
bla sin K(EL and these current values if the branch hfmpj Sd ufficiency is
! ur!;lc gThu‘e all the voltages and currents are determined anc s
source. §, @
demonstrated. - catisf sselves by assuming the
i e let us satisty ours
.monstrate independency, ! i . current
s Tord;mwhere the only sources in the network are mdepc~nd?2(l:s O e
situallon s we have noticed earlier, independent voltage sou e
m hile dependent sources usually necess
For independent current sources only%
ions wri i 'ms O
will then be precisely (= 1) podal equEb GRS W“lllen ‘LTatlii:ns are
‘(jl.:\?ri 1) tree-branch voltages. To show that these (l/:e—{N)fq” Sifferent
independent, visualize the application of [,{CL :10_ < a new tree branch
dos. Each time we write the KCL equation, there 15 & der of the tree.
FlO\rol‘\;edd—lhne one which connects that node.to the rt*:'rnc_u‘nu‘i o atio, Ve
‘;lincc that circuit element has not appf‘“r,ea. B anyfpfé\:th \ot' the (N — 1)
, ust obtain an independent equation. This is true 7o' fd uations
r:o&es in turn, and hence we have (N — 1) independent eq :

3.10. (a) How many rees may be conslrucle‘d for thL t:iu(,u;:l:‘t’l;g}:})%SIRlilm!i
< AP ; all five of the ree-drawing suggestions hsl? ‘c(u d. i
[01.10\'1:! d]llrt::: write two equations in two unknowns, and ﬁl':quh\,:. e
::::lcr(zs s‘ur;plicd by the dependent source”? Ans: 152 2

sourc \ o
circuit result in fewer equations,
tate a greater number of equalions.

Drill Problem

Fig. 3-38: See Drill Prob. b

3-10. é e
3a(}) ’

: ] f loop
= o 3 d of the me
?.i?\ks and loop cquations. In some respects this is the Cus hough we are able 10

equations. Again it should be p;ointe?)v eoﬁrit:;at\;\/iﬁltbe e e R eient an
1 of equations
guarantee that any s€

i irectly tO
independent, we should not expect that the method will lead directly
i .

analysis

every possible set of equations.

Fig. 3-39: (a) The circuit
of Fig. 3-12 is shown
again. (b) A tree is chosen
such that the current
Source is in a link and the

voltage source is in a tree
branch,
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We again begin by constructing a tree, and we use the same set of rules as
we did for general nodal analysis. The objective either for nodal or loop
analysis is to place voltages in the tree and currents in the cotree; this is a
mandatory rule for sources and a desirable rule for controlling quantities.

Now, however, instead of assigning a voltage to each branch in the tree,
we assign a current (including reference arrow, of course) to each element in
the cotree or to each link. If there were ten links, we would assign exactly 10
link currents. Any link that contains a current source is assigned that source
current as the link current. Note that each link current may also be thought
of as a loop current, for the link must extend between two specific nodes,
and there must also be a path between those same two nodes through the
tree. Thus, with each link there is associated a single loop that includes that
one link and a unique path through the tree. It is evident that the assigned
current may be thought of either as a loop current or as a link current. The
link connotation is most helpful at the time the currents are being defined, for
one must be established for each link; the loop interpretation is more con-
venient at equation-writing time, because we shall apply KVL around each
loop.

Let us try out this process of defining link currents by reconsidering an
carlier example we worked using mesh currents. The circuit is shown in Fig.
3-12 and redrawn in Fig. 3-39a. The tree selected is one of several that might
be constructed for which the voltage source is in a tree branch and the
current source is in a link. Let us first consider the link containing the
current source. The loop associated with this link is the left-hand mesh, so
we show our link current flowing about the perimeter of this mesh, Fig.
3-395. An obvious choice for the symbol for this link current is ““7 A.”” Re-
member that no other current can flow through this particular link, and thus
its value must be exactly the strength of the current source.

We next turn our attention to the 3-Q resistor link. The loop associated
with it is the upper right-hand mesh, and this loop (or mesh) current is
defined as i, and also shown in Fig. 3-39b. The last link is the lower 1-Q
resistor, and the only path between its terminals through the tree is around
the perimeter of the circuit. That link current is called iz, and the arrow

indicating its path and reference direction appears in Fig. 3-39bh. It is not a
mesh current.

jrr—
10 ;2&2 g
A
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Fig. 3-40: (@) A circuit for

which i; may be foun_d
. with one equation qsmg
general loop analysis. (b)

The only tree that satisfies

the rules outlined in Sec.
3-7. (c) The three Iink_
currents are shown with
their loops.

at in it, but a tree branch
¢ of link currents assig_ned.
he loops helps to indicate
and what their reference

Note that each link has only one current presz

may have any number from one to the tr.:ta‘l r:;:;r;le :
losed, arrows 1o 10

The use of long, almost € _ o

which loop currents flow through which tree branch

directions are.

. The
A KVL equation must now be written around each of these loops

i i wnte  Since the voltage across a

i g 2F: ned link currents. Sinc _
sables used are the assig k currer R

Vanat:'lll source cannot be expressed in terms of the sourcehcultj;ck fuand 0

CUT!:M?: already used the value of the source current as the li ,

we he

iscard ¢ ntaining a current source. . .
dlblgdrdt;::ye:c?n?r?p?: of Figg 3.39, we first traverse the iy loop, proceeding
or : 2

i f Om lt. IO c ]Cfl C l'l'll.’.‘. . s i . )
 =h SLOT 13 #

is. Thus |
1ia—7D+ 2y + ip) T 34 T 0

to
For the ip link, clockwise travel from the lower left corner leads

defined by the 7-A link is. no
2 A, once again. The solution

Traversal of the loop
have l.,‘ =0.5A, ig=
one less equation Iha‘n ‘before.

An example containin
circuit contains six node
Since there are eigh

g a dependent source appears in
s, and its tree therefore must ha

{ elements in the netwo

t required. Solving, we
has been achieved with

Fig. 3-40a. This
ve five branches.
rk. there are three links in the

Flg. 3-41: A tree which is
used as an example to
illustrate the sufficiency of
the link currents.

Some Useful Techniques of Circuit Analysis 101

cotree. If we place the three voltage sources in the tree and the two current
sources and the current control in the cotree, we are led to the tree shown in
Fig. 3-40b. The source current of 4 A defines a loop as shown in Fig. 3-40c.
The dependent source establishes the loop current 1.5, around the right
mesh, and the control current i; gives us the remaining loop current about
the perimeter of the circuit. Note that all three currents flow through the 4-Q
resistor.

We have only one unknown quantity, i, and, after discarding the loops
defined by the two current sources, we apply KVL around the outside of the
circuit:

—30 4+ 5(—i) + 19+ 2(—i) — 4 + 4(—i; — 4+ 1.5) —25=0

Besides the three voltage sources, there are three resistors in this loop. The
5-0) resistor has one loop current in it since it is also a link, the 2-Q) resistor
contains two loop currents, and the 4-Q resistor has three. A carefully drawn
set of loop currents is a necessity if errors in skipping currents, utilizing
extra ones, or erring in the correct direction are to be avoided. The foregoing
equation is guaranteed, however, and it leads to i} = —12 A.

How may we demonstrate sufficiency? Let us visualize a tree. It contains
no loops and therefore contains at least two nodes to each of which only one
tree branch is connected. The current in each of these two branches is easily
found from the known link currents by applying KCL. If there are other
nodes at which only one tree branch is connected, these tree-branch currents
may also be immediately obtained. In the tree shown in Fig. 3-41, we thus
have found the currents in branches a, b, ¢, and d. Now we move along the
branches of the tree, finding the currents in the tree branches e and f; the
process may be continued untii all the branch currents are determined. The
link currents are therefore sufficient to determine all branch currents. It is
helpful to look at the situation where an incorrect “tree’’ has been drawn
which contains a loop. Even if all the link currents were zero, a current
might still circulate about this “‘tree loop.”” Hence, the link currents could
not determine this current, and they would not represent a sufficient set.
Such a “‘tree’’ is by definition impossible.

To demonstrate independence, let us satisfy ourselves by assuming the
situation where the only sources in the network are independent voltage
sources. As we have noticed earlier, independent current sources in the
circuit result in fewer equations, while dependent sources usually necessi-

I}
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tate a greater number of equations. For independent voltage sources only, Some Useful Techniques of Circuit Analysis 103
there will then be precisely (B — N + 1) loop equations written in terms of No matter which method we choose, th
the (B — N + 1) link currents. To show that these (B — N + 1) loop specific circuit: e, these results are obtained for this
equations are independent, it is only necessary to point out that each repre- i, = 18.14 sin 1000
sents the application of KVL around a loop which contains one link not topA
appearing in any other equation. We might visualize a different resistance vy = 119.6 sin 1000 mV
R,Rz, -+ > Rp-n+1 10 each of these links, and it is then apparent that one and we therefore find that this transistor circui .
equation can never be obtained from the others since it contains one coeffi- v,) of 29.9, a current.gain (v./10 000i,) ofroctl',rsculf provides a voltage gain (v./
cient not appearing in any other equation. product, 29.9 (0.659) = 19.70. Higt:er o -9‘ and aipawsrgin cqualto the
Hence, the link currents are sufficient to enable a complete solution to be this transistor in a common-emitter co g '"’_’_ could be secured by operating
obtained, and the set of loop equations which we use to find the link currents alent circuit of Prob. 42. nfiguration, as illustrated by the equiv-
is a set of independent equations. -
Having looked at both general nodal analysis and loop analysis, we should CHlErotome 3-11. Draw a suitable tree and usc general loop analysi fi
alysis to find iy in the

d disadvantages of each method so that an il Embad e
: y writing just one equation with
i, as the variable;

now consider the advantages an o)
Fig. 3- e .
g. 3-43b by writing just two equations with i4 and ip as the variable
. S.

intelligent choice of a plan of attack can be made.

The nodal method in general requires (N — 1) equations, but this number
is reduced by one for each independent or dependent voltage source in a tree 3.12. For the transistor amplifi _ Ans: 1.6;9.39 A
branch, and increased by one for each dependent source that is voltage ro=50Q, r,= 5000, r.= 201;2 . iquwalent circuit shown in Fig. 3-42, let
controlled by a link voltage oF current controlied. suitable tree and us,in(g- (@) t ’al_ 0.98, and find both i, and v by drawi’nga
The loop method basically involves (B — N + 1) equations. However, with a common referenlce no\()jvofoop equations; (b) three nodal equations
| each independent or dependent current source in a link reduces this number without a common refer e for the voltages; (¢) three nodal equations
by one, while each dependent source that is current controlled by a tree- ence node. _
branch current or is voltage controlled increases the number by one. 3.13. Determi Ans: 18.14 sin 1000t mA; 119.6 sin 1000r mV
] As a grand finale for this discussion, let us inspect the T-equivalent-circuit th 1 Lo iEgllie Thévenin and Norton equivalent circui
model for a transistor, shown in Fig. 3-42, to which are connected a sinusoi- ¢ 10-k) load in Fig. 3-42 by finding: (@) th B circuits presented to
. 5 =T ) g o e (downward) short-circui ) . circuit value of v ; (b) the
dal source, 4 sin 1000 mV, and a 10-kQ2 load. We select typical values for the - ircuit current; (c) the Thévenin equivalent resi g
emitter resistance, re = 50 Q; for the base resistance, rp = 500 £ for the it values are glvezm Drill Prob. 3-12. k69, Al F I
collector resistance. re = 20 k(; and for the common-base forward-current- ) ns: 146.2 sin 1000f mV; -
transfer ratio, & = 0.98. Suppose that we wish to find the input (emitter) 5'191 3-43: See Drill Prob. ;65.6 sin 10007 pA; 2.23 kQ
current i, and the load voltage v - ' iSN{Z o~ i
Although the details are requested in Drill Probs. 3-12 and 3-13 below, we = AN -~
. should see readily that the analysis of this circuit might be accomplished by 4.8A
drawing trees requiring three general nodal cquations(N —1=1+1)ortwo | 5 8 10 © 2
Joop equations (B-N+1- 1). We might also note that three equations are AAA—g——ANA—— 12 §2
required in terms of node-to-reference yoltages, as are three mesh equa- 0 92 y ! i
tions. < l ' 0.5 50 .
T (Pw\ 3ig 5% 100‘,(»5
Fig. 3-42: A sinusoidal , A
voltage source and a 10- Qe @) ,
@ oz aroconnec . [ ®
-equi . le
a transistor. The common -Emlctuter AV —— NV -C(-)Eecmr Problems 1 (a) Find vy if v; + 2v, + 3v3 = 20, v; —
ponnecuon between the v, = I i I P \ 3 0. (b) Evaluate the é i 3 ,up — Tu, — Svs=—5,and vs + 3u, + 4v; — 10 =
input and output i atthe 4 i 1000 ') .3 10 kO <o, eterminant: I
bgse terminal of the tran- v - b5 Al T_' ]
sistor and the arrange- \ l 34
ment is called the com- L e . = 2 3 4 1
mon-base configuration. Base 3 4 1 —2
4 -1 2 3




Some Useful Techniques of Circuit Analysis 105

104 Engineering Circuit Analysis | 4 L
in the circuit shown in Fig. 3-44. | 5
nd vp 10 o -

2 Use nodal analysis to fi

4 A

®
p 574
=
<
A
-~
2
—is
(> ]
<

Fig. 3-48: See Probs. 6,

12, and 28.
7 Analyze the circuit of Fig. 3-49 using node voltages and find the power being
| supplied by the 6-A source.
LN
Fig. 3-44: See Prob. 2. | o) \-j
3 Use nodal analysis on the circuit given in Fig. 3-45 10 find: (@) vs3; () the po S
being supplied by the 5-A source.
6 5 30 Q
=—V¥ ANA—
<54A 3Q 2A §159 9Q 6A<b
Fig. 3-49: See Prob. 7. _ | | | ]I
. ¥ 8 In Fig. 3-50, find v, through the use of nodal analysis. {
5A U3 |
‘ 0.45 A
Fig. 3-45: See Prob. 3. |
i delivered to the 50-Q) resistor ;
4 Make use of nodal analysis to find v, and the power +JVJ\(— |
0065 *t 0.030

in the circuit of Fig. 3-46.

Fig. 3-50: See Prob. 8. >

9 In the circuit of Fig. 3-51, use mesh analysis to: (a) find the power delivered to the
4-Q) resistor. (b) To what voltage should the 100-V battery be changed so that no
power is delivered to the 4-() resistor?

2Q 100V
=N |+
) Fig. 3-47: See Prob. 5. | .
Fig. 3-46: See Prob. 4. . . -|-E ! | .
P e - {
S ions the circuit illustrated in Fig. 3-47, an L
5 Set up nodal equations for R ... e I

<upplied by the 5-V source. .
power supplied by e circuit of Fig. 3-48.

6 Use nodal analysis to find v, in th
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10 Use mesh analysis on the circuit shown in Fig. 3-52to find the power supplied by
the 4-V battery.

i1 In Fig. 3-53, every resis

tance is 6 {1 and every battery voltage is 12 V. Find ia-

Fig. 3-53: see Prob. 11.

Fig. 3-52: see Prob. 10.
¢ the right-hand element to an g2-A independent

12 In the circuit of Fig. 3-48, chang

current source, arrow directed upward, and use mesh analysis to find the power
absorbed by the 3-() resistor.

13 Use mesh analysis on the circui
currents.

14 In the circuit of Fig.

i
downward in Ry if vy

t of Fig. 3-54 to find the values of all the mesh

3-4b, use mesh analysis 10 find i,, the current flowing

=1.234321 V.

Fig. 3-54: See Prob. 13.

Fig. 3-55: See Prob. 15.

Fig. 3-56: See Prob.

Fig. 3-57: See Prob. 17.

Fi
9. 3-58: See Prob. 18.

16.
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15 In the circuit shown in Fi
nin Fig. 3-55: (@) if v, =
va =50V — 0. (B : vi=20Vandvg =0, iy = ) -
va = 50 S I g Vandus = 0V, iy = 20A13whi11'5.A’ find /s if
Y anc Us = s find iy if vy = ’ 2 eig=-1Aif
16 Use superposition with the circtfit olt}”AFig 3;);/6 a:gdﬁzg N 100 V.
. iy.

50 10
AN\~ AAAY

fie
gi) 24V

2A
2082 36V

—iik

1 ; b» lt]l Iefe] ence to the circuit Outlllled n I lg. 3'5; , W hen Vg = 120 vV, 1t1s fOLlnd that
I A? %] 0 vV, an the po wer dtheIed to Iei 18 60 W. If COI] Ed [eduCeS Uy to
105 Vv, ﬁlld new \/alues 1()] ! Uy alld tlle [)()We] (lell\/e] e(l to 5

Is 3 Rl

Wv .
R, 111

X Linear
resistors

R,
W"

18 Use tlle SupCIpOSI[lOIl theOIelll on tlle circuit Sll()Wll n Ilg. 3'58 to ﬁnd [

D
LS
15 A

40
—ANA-

30V

j— 129
A
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19 The circuit illus
sition theorem

Ux

trated in Fig. 3-59 co
to find the current 1.

ntains a dependent source. Use the superpo-

3Q

Q

Fig. 3-59: See Probs. 19
and 29.

20 In the circuit of Fig. :
(a) 6-V source; (b) 3-A source;

the:

Fig. 3-60: See Prob. 20.
21 A Radio Sh

Assuming al

92 By making repe
network in Fig.

2582

Fig. 3-61: See Prob. 22. (a)

20 &

Fig. 3-62: See Prob. 23.

ack type 222 flashlig

penlight (AA) batteries in series. T
| markings are correct, wh

model one of the batteries?
ated source tra

series combination of

23 In the circuit of Fig. _ 2
from this network and what is prmax!

and what 1S UL max -

find the power absorbed by

osition to help
3-60, use superp o souree.

(¢) 12-V source;

12V

3A 2A

use with two 1.55-V
ed 2.25V,0.25 A
rce might be used to

ht bulb is intended for
he bulb, however, is mark
at practical voltage sOU

istance combinations for each
left of terminals a-b w1th the
e and a single resistor.

nsformations and res

3-61, replace the network to the
a single independent voltage sourc

: i sorb ¢ imum power
- hat value of Ry: (a) will absorb a maximu g
ey (b) will have the maximum voltage across it

9 (¢) will have a maximum current through it and what is fr.max’

Fig. 3-63: See Prob. 24.

Fig. 3-64: See Prob. 25.

Fig. 3-65: See Probs. 26
and 30.

Flg. 3.¢6: See Prob. 27.
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24 Consider the practical voltage source to the left of terminals a-b in Fig. 3-63. (a)
What must be the value of R, to cause the maximum possible power to be drawn
from the practical source? (b) What is the value of this maximum power?

R, ,
ANWN—

10V 50

>
b §4on %609

24 Q

25 (a) Use three separate analyses to find v, i, and Ry, with respect to terminals
a-b for the circuit shown in Fig. 3-64. (b) Draw the Thévenin and Norton equiva-
lents as seen at a-b.

58 60V
ANM——|I

L.
( 2A 3209 15Q
Tb

26 Find the Thévenin equivalent circuit with respect to terminals a-b for the circuit
shown in Fig. 3-65.

20Q 40 Q

27 (a) Determine the Thévenin and Norton equivalent circuits as seen at terminals
a-b for the network of Fig. 3-66. (b) Replace the 5-A source with a dependent
voltage source labeled 5i, (+ reference at the right) and again find the Thévenin
and Norton equivalents.

O —0 a
5A
C)le 128 4Q ()3/\
.lzx ﬂb
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28 In the circuit of Fig. 3-48, find the Thévenin equivalent of the network: (a) to the
left of the 8-V source; (b) to the right of the 6-V source. <t (Qeriingl FaEpHEED(o B for the circuit of Fig. 3-71, assi
write KCL and control equations, and find 1-2‘ , assign tree-branch voltages,

29 (a) Refer to the circuit shown in Fig. 3-59 and find the Thévenin equivalent circuit
+0; —

faced by the 3-Q resistor. (b) Find I. (¢) Change the 3.Q) resistor to 13 () and again
find I.
100 2

30 If the voltage Uy across or the current i, =vilRy

R, is known, then the Thévenin or Norton equivale
(a) Find vg (+ sign al terminal “a’")
40 2 60 O

since Uy = limp; ., UL and i, = limg, g iL
for the circuit of Fig. 3-65 if a resistance Ry is connected between d and b.
dig. 90 Q
*No.2
_)0.2v; 100v (})0.012, 101,

through a general load resistance
nt may be determined casil ]
y Yy ro, — 1,2
AN\ 3 AAAS

(b) Use The expressions above 10 determine v, an
31 Find the Thévenin equivalent circuit for the network shown in Fig. 3.67.

Fig. 3-71: See Prob. 36.

x Yy
3 USG nodal anal
SIS Wlth ree lanCh V()l ages o € circuit O 1
y £ n 1 1 Flg. 3 2 0 dete

v, 50 Q 1s09 (})oots

Fig. 3-67: See Prob. 31.
12 Determine the Thévenin equivalent circuit of the network shown in Fig. 3-68.

Fig. 3-72: See Prob. 37.

38 For the circuit sh in Fi
own in Fig. 3-73, construct i i
_ : , a tree in ] [ i
currents, write loop equations, and evaluate i, and i which  and-z redigg

Fig. 3-68: See Prob. 32.
ed by inserting 2 finite R; =

n in Fig. 3-28 is modifi
ned. Find the new Thévenin

33 The voltage follower show
10 kQ between the terminals across which vu; is defi

equivalent.
n in Fig. 3-69. (b) If the

34 (a) Construct all possible trees for the linear graph show
top two branches are voltage sources and the left branch is a current source, show 50
all possible trees.
80V

Fig. 3-73: See Prob. 38.

( ) .
;9 a (:()llStl uct a Sllltal)le tree fOr the circuit 01 I 1 3 ;4 a
( ) £ Ild write the Slngle

30V 44,
Fig. 3-69: See Prob. 34. Fig. 3-70: See Prob. 35. 6
0, construct a tree in which vy and v, are treeés o 8 ; Cb 2A e 20V
- l9. 3-74: See Prob. 39, _]'_’ 6
[

15 For the circuit shown in Fig. 3-7
pbranch voltages, write nodal equations, and solve for vy.
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Find 1. ) PART Two
THE TRANSIENT CIRCUIT

40 Devise a tree
through the 1-Q resistor.

0.8 0

Fig. 3-75: See Prob. 40.
analysis on the nonplanar circuit of Fig. 3-76 to find ix.

41 Use general loop

a transistor amplifier.

Fig. 3-76: See Prob. 41.
) of the

ent circuit for

form of the equival
d the output resistance (R

42 Figure 3-77 shows on¢
f v, an

Determine the open-circuit value 0

amplifier.

Fig. 3-77: See Prob. 42.




