
 

Circuits Sinusoidal Steady State

E.EE IcIIEErsssEittut i a tithe derivative of a step
For constant step inputs to an LTI system we get
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what about other types of inputs
Homogeneous responseform does notchange

statisidge's et.in 55 heponse
decays away
For a different inputtype we will need toredo the particular solution Ux p t
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Lets consider sinusoidal inputs e g Ui t Tacos wt Da
why 1 Sinusoidsare extremely common ac power radio

2 All practicalwaveforms can beexpressedas sums
of sinusoids

e g.ci shown in 6.300 Anypracticalperiodicwaveform t
with period T 21 can be expressed as

6 A Ei An cos not B sin not

where A Six tidt An 75 4 cos not dt

Bn Txcasinch at

i for linearsystems if we know the responseto asinusoid
we can find the response to Any waveformbysuperposition

Thief stsi EE.IS days'ificriant
sinusoid

To findthetimeresponse to a sinusoidal input the onlynew
thing to find is the particular responseto the sinusoid
the sinusoidal steady state SSS response which is what is
left after the homogeneous responsedies away Theprocess
of finding the homogeneous response and adding it in toget the total response remains the same

Example SSS response for an RC circuit
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If we assume a particularresponse that is ascaled shifted
cosine at the same frequency

Vc p K cos wt b

weget substituting into
wrc.to sin ut do Tacos wt do Cor ert

Solve this for Vc de
This is messy but trigonometry can save us

WRC sin wt cos d cos ut sin de

x ̅ cos lot cos b sin wt sin d coshut

wt WRC cos da V sin de D
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i Solution this way ispossible butmessy landgets
uglier for more complicatedsystemsI

Look for an easier way
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First let's find thesteady state response of our system
to complex exponentialinput We will be able todeduce
the response to a sinusoidal input from this

RC 1 Vc Vi t A

For a particular solution to input wilt Ffest jffett
where j IT imaginarynumber
and VI is some complexcoefficient

Assume a solution of the same form v t edut

substituting this in to

RC jwf.es edit edit

I
Thissolves the case
of a complexexponential
input easy

we could also express this as

c v
é

n wrc

So with input we get output

Vilts ett act fi ednt
This isquick easy but how does it help us solve
for the sinusoidel case

Let's see
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Consider a reel LTI system realinputgivesrealoutput

x G b.lt xypyzareXiX2

Iidhxacts sFEfsyg
if real valued
outputs

inputs

me FEB in for a theoretical complexinput to

x.lt jXa t y t jy.lt

sofoeftet.it InteipIgetiiiittte system
ptyfim.ESiyIIpI.totthe'inputgeneratesthe imaginer

Since by Euler's relation

Aedot Acostert j Asin ut

E.EE i iiii sin l
This is a powerful trick that helps us avoid
lots of ugly trigonometry
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Example 1 May
Vi t
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The big picture By treating a sinusoidalinput as
the real part of a complexexponentialAed t we can

i'the ersposste.ttiieituta'the real
sinusoidal steady state solution andmaybe added to the
homogeneous response calculated as before togetthe total
response over time

Aside complex calculations are handy important

complex at jb a b reel

11211 1
a

4 7 ATAN E

Remember Euler's eqn et cos 01 jsin o
1 Cto Fisk get Atan 5 9 0

edo has magnitude 1 and phase 0

T.me1
It is easy to add subtract complex s in rectangularform

at jb c jd atc j bad
It is easy to multiply divide in polar form
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