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6.200 — Circuits & Electronics
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Midterm 1
3/8/2023
Name:
. There are 6 problems and 26 pages (including this cover page) in this exam.
° Do not remove any pages from this exam.
. Do your work for each question within the boundaries of that question. If you use

the back of any pages for work, indicate this fact in text in the valid answer space.
Enter your answer to each question in the corresponding answer box provided.

° You may refer to one 8.5”x 11”7 pages of notes, double-sided. Calculators, smart-
phones, and laptops are not permitted.

° Show your work. Unless you write out your thought process clearly, partial credit
will not be awarded for incorrect solutions.



Problem 1, 16 pts: Hidden Potentiometer

Consider this design of a tunable current source where Ry, is the load.

On [

\Y4

We can redraw the potentiometer as two resistors (1 — o) Rp and aRp where « is the ad-
justable parameter.

(1 — CY)RP OéRP

I &
OL ,

\Y4

(1A) (4 pt) Assume Ry, is 0. Determine the current ir,.

The circuit is a simple current divider, which we can redraw as:

iy,

IS (1 — C\{)RP Osz

v

From this picture, we can see that the current divider relation applies:

. 1—a)R
iy, =Ig 7(17;)1?;3;% =(1—a)ls
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(1B) (4 pt) Find the current iy, assuming Ry, is nonzero.

1L,

Is (1 — Q)RP OZRP + RL

I (1 - a)Rp -« I
S(1—a)Rp+aRp + R, Rp+RL °

I Yo"
I =Rerr I8
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(1C)

An ideal current source should be able to provide a fixed current to a resistive load,
completely independent of the load resistance. In reality, such a perfect circuit is
impossible to realize, but it can be approximated.

(4 pt) A design for a (not tunable) non-ideal current source (providing current i, to
load Ry,) is shown in the dashed box below.

Provide a specific value for V and R where the source supplies consistently approx-
imately 10 pA with variation of less than +1% (i.e. a minimum of 9.9 pA and a
maximum of 10.1 pA) even though the load Ry, varies from 0 to 10 Q2. V must be less
than or equal to 10V, and R must be between 100 m$2 and 100 MS2).

It’s perfectly acceptable for the answer to just say ”"well I'll need R to be big” and pick a really big
number and then say V = 10pA - R.

A more quantitative approach (but not necessarily preferred) is to realize that the larger current
(i, = 10.1nA) will correspond to the 02 load, while the lower current (iy, = 9.9 nA) will correspond
to the 102 load. From this we get that

V=101pA R V=99pA-(R+109Q) (1)

= 10.1pA-R=99pA - (R+109Q)

After a bit of algebra, this can be solved to yield R = 495). Any R larger than this value should
work. Using eq 1 above, we can solve for V for this case (4.9995mV) and in general, we want
V =10.1pA - R.
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(1D) (4 pt) Finally, we will take the circuit presented in A, using the circuit from part C as
the current source. Provide a symbolic expression (i.e. not using the values you chose
in part C) for i;,. Note, you may use the notation R;//Ry to represent resistances in
parallel in your answer without penalty.

TR A"
Ry,

The total current emerging from the positive terminal of the voltage supply iror is V/Reg where
Rqs is the effective resistance of the entire resistor network when viewed from the voltage supply.
Reg = R+ (1 — a)Rp//(aRp + RL).

(1—a)Rp

i1, can then be calculated by using the current divider relation, i1, = itoT g ot R Substituting in
our value above for iToT we find:

. v (1-«a)Rp
"T R+ (1—o)Re//(aRe + Rr) aRp+ Ry
B \V4 (1 — OZ)RP
R+ U=0fieleRethi) aRp + Ry
V(Rp + Ry) (1= a)FRp

R(Rp + RL) + (1 - Oz)Rp(OlRp + RL) aRp + Ry,

F— 1% . (1—a)Rp
L = R¥(1—a)Rp//(aRp+Ry) oaRp+RL
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Problem 2, 12 pts: Power

This problem is concerned with determining the value of a load that maximizes the power
delivered to that load.

(2A) (8 pt) A Thevenin equivalent network having voltage V' and resistance R is separately
loaded with a voltage source, a current source, and a resistor, as shown below. For
each load case, determine the value of the load (V4,, I, or Ry,) in terms of V' and R that
maximizes the power delivered to the load. Additionally, determine the maximized
power delivered to the load.

R R R
—AMNV— —A—

v® Owv@® @ vO Ry

Voltage Load Current Load Resistor Load

In all three cases, the power P delivered to the load is the current through it multiplied by the
voltage across it, where the passive sign convention is used to define polarities. For the voltage
load case, P = VL%. For the current load case, P = (V — RIy,)I;,. For the resistor load case,
P = VREIRL VR_:RL. To maximize P for the three cases, differentiate P with respect to V1, I, and
Ry, respectively, set the result equal to zero, and solve for V1, I1,, and Ry, respectively. This yields
Vi, =V/2, I, = V/(2R), and Ry, = R. Thus, in all three cases, the voltage across the load is V/2,

the current through it is V/(2R), and the power delivered to the load is V2 /(4R).

The key learning here is that for maximum-power-transfer loading, the load operates just as would
the Thevenin resistance. This is referred to as “matched” loading.

Please put your answers on the following page.
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(2A Continued) Circuits repeated for your convenience

R R R
—AM—
v Ci) <1L> V. v L, CD 1% (i) Ry,
Voltage Load Current Load Resistor Load
V1, Load I;, Load R;, Load
Load Value V/2 V/(2R) R
Maximized Power V2/(4R) V2/(4R) V2/(4R)
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(2B) (4 pt) The network shown below contains a resistor having an unknown resistance R.
Determine the resistance R that maximizes the power dissipated in the corresponding

resistor. Additionally, determine the maximized power. Hint: How are this part and
Part A related?

Numerical values with proper units are expected.

2mA 3k 1mA 6 kO 1k

Following the key learning from the Part (2A) above, reduce the majority of the network to its
Thevenin equivalent as follows. First, combine the two parallel current sources into a single current
source, and the two parallel resistors (3 k2 and 6 k) into a single resistor (2 k©2). Then, combine
all but the unknown resistor in a Thevenin equivalent. This is as shown below.

Q R
grijjmﬂll —y 3ImA ér? 2kn — &V g |
t+ war i n:: i

Following the results of Part (2A), R should be 3 k2, and the resulting power will be 3 mW.

R Power

3 kOhm 3 mW
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Problem 3, 8 pts: Oscilloscope

Provide the requested information for the voltage-time oscilloscope trace shown below:

100 microsec/div

(3A) (2 pt) What is the approximate period T' of the signal, with engineering units (i.e.
mega, kilo, milli, micro, etc.)?
The period is the shortest time T in a repeating signal for which f(t) = f(t + T) for all ¢, i.e. the
time between repeating cycles of a signal. In this case, that is 5 divisions, thus 500 psec = 5 x 10~4

seconds in scientific notation note, engineering units were requested, not scientific notation.

T = 500 psec

(3B) (2 pt) What is the approximate frequency of the signal, with engineering units (i.e.
mega, kilo, milli, micro, etc.)?
Frequency f = 1/T = 1/(500 psec = 1/(500 x 107%) = (1/500) x 10° = 0.002 x 10°Hz = 2 x 103Hz =
2kHz

frequency =2kHz
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(3C)

(3D)

(3) Continued: Oscilloscope image repeated for your convenience.

100 microsec/div

p at is the approximate value o e peak-to-peak voltage of the signal,
2 pt) What is th imate val f Vop th k-t k voltage of the signal
with appropriate units?

The peak-to-peak voltage is the voltage difference between the maximum and minimum of a periodic
signal. Counting carefully, that’s approximately 5 divisions, which corresponds to 5div - 0.5V /div =
2.5 V.

Vop =25V

(2 pt) What is the approximate offset of the signal, with appropriate units?

The offset is indicated by comparing the average signal level to the ground level. The ground in this
case is indicated with the triangle with the spade on the left hand margin of the scope, 2 divisions
above the x axis. The signal average is 1 division below the x axis (the symmetric point between

the min and max signal). Thus the signal is 3 divisions (1.5 V) below the ground.

offset = -15V
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Problem 4, 12 pts: Let There Be Light

In each of the following circuits, is it possible to adjust the positive, finite, non-zero resis-
tances R; and Ry such that the light bulbs have the same voltage drop across them? If so,
write any single example of a valid combination of R; and R, in the boxes. If not, write
None in each box.

We can model each light bulb as a resistor. In each circuit, there are two different bulbs
(one with a 1092 resistance, and one with a 20€2 resistance).

(4A) (4 pt)

R, 2092 Ry

)
Y

10V 109

Here, we must have the same current flowing through the two light bulbs. Since they have the same

current and different resistances, they cannot have the same voltage drop.

R;: None Ry: None
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(4B) (4pt)

Ry

Ry

<§ 100

10V 2092

The 20€2 bulb forms a voltage divider with Ry, and the 10Q2 bulb forms a voltage divider with R;.

109
Ry

So in order for the two to have the same voltage drops, we need % =

Rll any Rz: 2R1
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(4C) (4pt)

100 R,

10V Ry 2092

The important thing to notice here is that the current flowing through the 10w resistor will split
at the junction in the top middle of the circuit, with some flowing through R; and the rest flowing
through Ry and the 202 bulb. In order for the voltage drops to be the same, the 202 bulb needs
to have half the current of the 1002 bulb. Ry and (Rz + 2012) form a current divider, so if we want
half of the current to flow through the 202 bulb, we need Ry = Ry + 2012.

R;: any Ry > 2092 Ry: Ry — 2002
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Problem 5, 16 pts: The Turning Po(in)t

In Lab 2, we connected a potentiometer as a voltage divider configuration like the one shown
below. In this configuration, v, and « are related as shown in the graph on the right.

r12V

10V

(1—a) x 10k 5V

F6V Vo
+
o () :
F4v

o x 10kQ2 Yo AV

0 0.25 05 0.75 1

For each of the configurations on the following pages, sketch the relationship between v, and
« in that circuit. The original curve has been reproduced in grey on each graph and can be
used as a reference. Note that this pot’s total internal resistance is 10k2.
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(5A) (4pt)

(1—a) x 10k

o () +

a x 10k 102 Yo

For more of the range of « (except when « is really small), the circuit will be roughly equivalent
to the following (the bottom resistor is actually 10| x 10k€2, but when o x 10kQ2 >> 109, that
parellel combination will be approximately 1082):

(1—a) x 10kQ

o () .

1092 Vo

This is a voltage divider, and for most of the range of «, the bottom resistance is tiny compared to
the top resistance, so only a tiny fraction of the voltage will drop there. Thus, for most of the range
of a, we sit very close to v, = 0V.

It’s only when o — 1 that this starts to change. When a = 1, we have vy = 10V; and we cross over
v, = 5V when the two resistors are equal, i.e. when (1 — a) x 10k &~ 1012, or at around a = 0.999.
So the change in vy happens very rapidly near the a = 1 edge of the graph.

Putting that all together, the graph should look something like this:
r12V
10V
-8V
-6V Vo

F4V

J-QV

: : ' ov
0 0.25 0.5 0.75 1
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(5B) (4pt)

(1 —a) x 10k
+
+
10V C_) a X 10kQ2
Vo
2V
a X 10k
vy = 2V + 8V % 0k
=2V + a x 8V
r12V
10V
8V
F6V Vo
4V
F2V
r T T T OV
0 0.25 0.5 0.75 1
«
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(5C) (4pt)

10k€2
(1—a) x 10k
+
wv () ‘
o x 10k$2
Vo
10kS2
B 10kQ(1 + @)
v, = 10V x TR
10 10
r12V
r 10V
F 8V
F6V Vo
F4V
F2V
r T T T OV
0 0.25 0.5 0.75 1
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(5D) (4pt)

(1 —a) x 10k
+
i
10V C_) a x 10k
Vo
0.5mA
Vo = 10V — (1 — a) x 10k2 x 0.5mA
— 10V — (5 — 5a)V
= (5+5a)V
-12V
10V
F8V
F6V Vo
F4V
r2v
v T T T ov
0 0.25 0.5 0.75 1
!
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Problem 6, 14 pts: The I-V League

For each of the circuits and current-voltage characteristics shown below and on the following
pages (6 in total), specify a single component that could be added in the box to cause the
current ¢ and the voltage v to have the pictured relationship. Valid components are limited
to:

« resistors with finite positive resistance,

« voltage sources with finite nonzero voltage,

e and current sources with finite nonzero current.

Specify the appropriate component by circling its type and specifying its value (be careful of
directionality and specify units!). If no single component would work, circle “None”
and leave the value blank.

Valid circuit elements:

RO % IO
Type: Resistor Type: Voltage Source Type: Current Source
Value: Ry Value: 1 Value: I
(6A) (2pt)
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Since it passes through the origin, this graph must represent a pure resistance. Since its slope is

i [amps]

Amperes per Volt, the resistance must be 3 Volts per Ampere.

1 2 3

. v [volts]

1

3

Type (Circle One):

Value and Units: 32

Resistor

Voltage Source

Current Source

None
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(6B) (2pt)

i [amps]

E 7 i v / 3 i . v [volts]

No single component can account for both the finite, nonzero slope of the graph and the fact that
this graph does not pass through the origin.

Type (Circle One): Resistor Voltage Source ~ Current Source None

Value and Units: None
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(6C) (2pt)

i [amps]

,,,,,, L 2~
l l 1
l ? l
: v s s s 3 ! . v [volts]
| | -3 -2 -1 12 3
20 14
SR S | 9.

o

Regardless of the voltage drop across this combination, the current flowing through it is always 3
Amperes. The only way to do that is with a 3A current source.

Type (Circle One): Resistor Voltage Source Current Source None

Value and Units: 3A
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(6D) (2pt)

i [amps]

-3 -2 -1 1 2 3

i 29; ? iv 3 ; ; 3 ; . v [volts]

Since it passes through the origin, this graph represents a pure resistance (no sources), so the missing
component must be a resistor in parallel with the given 22 resistor. Since the equivalent resistance
is 1€2, the missing component must be a 2¢) resistor.

Type (Circle One): Resistor Voltage Source Current Source None

Value and Units: 202
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(6E) (2pt)

i [amps]
3 —
2 —
+
) /
v d T 1

v [volts]

The missing component can’t be a voltage source (the line would be vertical) or a resistor (it would

pass through the origin), so the missing component must be a current source. Putting a current

source in means that is. (the value of ¢ when v = 0) would be precisely the value of that current

source, so the missing component must be a —%A current source (or, equivalently, a %A current

source pointing upwards).

Type (Circle One):

Value and Units: —%

A

Resistor

Voltage Source

Current Source

None
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(6F) (4pt)

e P i
E v f T T T T ) [VOltS}
| -3 -2 -1 1 2 3
: 1

We know that if we were to find this circuit’s Thévenin equivalent at the indicated port, its Thévenin
voltage would be —3V and its Thévenin resistance would be %Q

So let’s start by finding the Thévenin resistance. We can do this by trying to put all of the possible
components in there. If it were a current source, the equivalent resistance would be 22, so that can’t
be it. If it were a resistor, it would need to have a resistance of 02, which is not allowed per the
problem specification. But if it’s a voltage source, the resistance matches. So the only possibility is
a voltage source.

Let’s check to make sure that works, though.

From the graph, we know that the open-circuit voltage must be —3V. And we can set up a system
of equations that ultimately ends up getting us to something like the following (KCL at the top
node after substituting some things in, where V), is the voltage of the missing voltage source):

v —3V — Vi

Solving, we find that Vj; must be —6V.

Type (Circle One): Resistor Voltage Source Current Source None

Value and Units: —6V

Page 25



Worksheet (intentionally blank)
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