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Problem 1. First Order RC Circuit with an Op-Amp [25 pts] 

Consider the circuit below with an ideal op-amp. The switch makes contact with terminal a at t = 0. At that 
instant, the voltage across the capacitor is vC(t=0) = 5 V. The switch remains at terminal a for 9 ms and 
then moves instantaneously to terminal b, where it remains beyond t = 20 ms. In this problem we will find 
the output voltage (vo) at t = 20 ms. 

To find the output voltage (vo) at t = 20 ms, follow the steps below: 

a) [7pts] Find an expression for vo during the time the switch is at terminal a.
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b) [8 pts] Find an expression for vo during the time the switch is at terminal b.  
 

𝑣#(9𝑚𝑠) = −1000𝑡 − 5 = −14	𝑉 
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𝑣# = −800(𝑡 − 9 × 10"') + 𝑣#(9𝑚𝑠) 

𝑣# = −800(𝑡 − 9 × 10"') − 14 

𝑣# = −800𝑡 − 6.8 

 

c) [5 pts] Find vo at t = 20 ms.  
 

𝑣# = −800𝑡 − 6.8 

𝑣!	(t	 = 	20	ms) = −800(20 × 10−3) − 6.8 = −22.8	𝑉 
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d) [5 pts] Based on your results from Parts a – b, what does this op-amp circuit do.

The op-amp circuit serves as an integrator. 



Problem 2. RLC problem with graphical interpretation [25 Pts]

Consider the following circuit. The circuit is at rest for a long time so there is no inductor current or 
capacitor voltage for t<0. At t=0, the switch is closed. Please answer the following questions: 

1. What are the values of 𝑖𝑖𝐿𝐿(𝑡𝑡 = 0) and 𝑣𝑣𝐶𝐶(𝑡𝑡 = 0)? (2 pts)
2. The following figure shows the inductor current 𝑖𝑖𝐿𝐿(𝑡𝑡) and capacitor voltage 𝑣𝑣𝐶𝐶(𝑡𝑡). Please

identify which curve corresponds to 𝑖𝑖𝐿𝐿(𝑡𝑡) and which one corresponds to 𝑣𝑣𝐶𝐶(𝑡𝑡)? (6 pts)
3. Is this circuit over-damped, under-damped, or critically damped? (2 pts)
4. Using the voltage and/or current plots, estimate the circuit quality factor Q, natural frequency

𝜔𝜔0, and damping coefficient 𝛼𝛼. (7 pts)
5. Solve for the values of R, L, and C. (8 pts)



Solution: 

Note: There is a typo in this problem where the voltage source should be 10 V instead of 100 V. This typo 
causes the problem to become over specified – there are two methods for calculating the resistor value 
R and they will yield different values. When grading the exam, both methods (and both solutions) are 
given full credit. This typo only leads to a discrepancy of the resistor value. If you first find R, and then use 
R to find other parameters such as L, C, 𝛼𝛼,𝑤𝑤0, 𝑎𝑎𝑎𝑎𝑎𝑎 𝑄𝑄, we offer full credits for using either of the R values. 

1. 𝑖𝑖𝐿𝐿(𝑡𝑡 = 0) = 0 and 𝑣𝑣𝐶𝐶(𝑡𝑡 = 0) = 0
2. The solid (blue) curve corresponds to 𝑣𝑣𝐶𝐶(𝑡𝑡) and the dotted (orange curve corresponds to 𝑖𝑖𝐿𝐿(𝑡𝑡).

By KCL, without considering the voltage source, we have 𝑖𝑖𝐿𝐿 = −𝐶𝐶 𝑑𝑑𝑣𝑣𝐶𝐶
𝑑𝑑𝑑𝑑

.  This means the oscillatory
(AC) component of 𝑖𝑖𝐿𝐿  is the negative derivative of 𝑣𝑣𝐶𝐶 . The dotted curve looks like -cos(wt)
+constant, and the solid curve looks like sin(wt). Hence, the dotted (orange) curve is current and
the solid (blue) curve is voltage. Alternatively, we can solve this problem by looking at steady-
state behaviors. We first note that the 100 Ω resistor does not influence the behavior of this circuit.
Next, we can simplify the circuit into a parallel RLC circuit with a current source. The steady state
current through the inductor cannot be 0, so the dotted (orange) curve must be current 𝑖𝑖𝐿𝐿.

3. The circuit response is underdamped.
4. Quality factor Q = 10. This can be measured by seeing that the signal falls to approximately 4% of

the initial value.
Damping coefficient 𝛼𝛼 = 5000 s-1. At t= 0.2ms, the amplitude falls approximately to 36.8% of the
maximum value. So 𝑒𝑒−(0.2𝑒𝑒−3)𝛼𝛼 = 0.368; Solving this gives 𝛼𝛼 = 5000.
Natural frequency 𝜔𝜔0 = 105  rad/s. In 0.63 ms, we count 10 periods. This implies 𝑤𝑤𝑑𝑑 = 2𝜋𝜋

𝑇𝑇
=

105 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠. Next, we have 𝑤𝑤𝑑𝑑 = �𝑤𝑤02 − 𝛼𝛼2. Since 𝛼𝛼 ≪ 𝑤𝑤𝑑𝑑, this implies 𝑤𝑤𝑑𝑑 ≈ 𝑤𝑤0. We have 𝜔𝜔0 ≈
105.

5. Based on the equivalent circuit, we have a parallel RLC circuit.



Method 1: We first see that the characteristic impedance 𝑍𝑍𝑍𝑍 =  𝑉𝑉𝑎𝑎𝑎𝑎𝑎𝑎

𝐼𝐼𝑎𝑎𝑎𝑎𝑎𝑎
 =  1 = �𝐿𝐿

𝐶𝐶
→ 𝐿𝐿 = 𝐶𝐶. 

Next calculate the values of L and C: 1
√𝐿𝐿𝐿𝐿

= 𝑤𝑤0 = 105 → 𝐿𝐿 = 10−5𝐻𝐻, 𝐶𝐶 = 10−5𝐹𝐹 

Finally, we have 𝛼𝛼 = 1
2𝑅𝑅𝑅𝑅

→ 𝑅𝑅 = 1ΟΩ.   
Method 2: 
We can use the steady-state condition to solve for 𝑅𝑅. Given that the steady-state current is 1A, 
we have 𝑅𝑅 = 100𝑉𝑉

1𝐴𝐴
= 100Ω. Now we can notice methods 1 and 2 give different R values. This is 

because the problem is over-specified. The combination of voltage source value (100 V) and the 
voltage and current plots lead to a discrepancy. The typo can be fixed by changing the voltage 
source to 10 V. When grading the exam, both approaches receive full credit. If you first calculate 
R, and then use the value of R and other equations to find values of C and L, then we also offer 
full credits if the method is implemented correctly based on any of the R values.  
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Problem 3 (25 points): Relaxation 

oscillator Consider this circuit: 

The small grey rectangle contains a hysteretic device with the i-v characteristic shown 
below. This device has two threshold voltages VHI = 4V and VLO = 2V. Above VHI the switch 
closes and the device acts as a resistor with resistance R, below VLO the switch opens and it 
acts as an open circuit. In-between these voltages, it can have either state depending on 
where it started. 
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(A) (3 points) Consider the situation where V = 5V and has been for all time.  In this situation, 
the system will oscillate.  Let t = 0 when vC hits VHI on its upswing. For the time shortly after 
t = 0, draw a simplified circuit without the switch. That is, if the switch is closed, replace it 
with a wire; and if it is open, rid of that branch. Based on the simplified circuit, draw a 
Thevenin equivalent circuit, and specify the Thevenin voltage vTH and resistance RTH. 
 
 

 
vTH =                 
                                                        
 
RTH = 
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(B) (7 points) Derive an expression for vC(t) for 0 < t < T1, and an expression for T1, which is
the time when the hysteretic device changes its state.

In 0 < t < T1, vC(t) =

 and T1 = 
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(C) (3 Points) Now draw a simplified circuit without the switch in T1 < t < T, where T is the 
time when the hysteretic device changes its state again. Based on this simplified circuit, draw 
a Thevenin equivalent circuit and specify the Thevenin voltage vTH and resistance RTH. 
 
 

 
vTH =                        
                                                 
 
RTH = 
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(D) (7 points) Find vC(t) in T1 < t < T, where T is the time when the hysteretic device
changes its state again. Since in the time interval (0, T), the hysteretic device changes its
state twice, flipping back and forth and completing a full cycle, T is therefore the period of
oscillation.

In T1 < t < T, vC(t) = 

and   T = 
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(E) (5 points) Find the ranges of V that the circuit does not oscillate, and give a brief 
explanation to your answer. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Ranges of V that the circuit does not oscillate: 
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Problem 4. Boost Converter Energy Problem [25 pts] 

In the circuit below, all the components are assumed to be ideal. 

The switches S1 and S2 open and close as indicated by the plot below, where t is a constant and T1, T2, 
T3… are chosen such that vC(T1)=vC(T2)=…=vC(TN)=0. 

Assume that both the capacitor and inductor are completely discharged at time t=0. 

a) [3 pts] Write an expression for the voltage across the capacitor, vC(t), for time 0 ≤ t ≤ t.

 
 
 
414 221,0 61
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b) [2 pts] Write an expression for the current through the inductor, iL(t), for time 0 ≤ t ≤ t.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c) [5 pts] Write an expression for the current through the inductor, iL(t), for time t ≤ t ≤ T1. 
  

  

The initial current through the inductor is
O and the inductor is short circuited

therefore

i
i

The LC circuit oscillates and ie t

takes the form

where
v

ien É TE E VI 2oz
I Cheniteniti impedance Zo ft ft

Therefore

iift.z.int z t
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d) [5 pts] How much energy has been transferred by the current source to the circuit during the 

time interval t=0 to t=T10? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e) [5 pts] Determine the current through the inductor at t=T10. 
  

Energy transferred to the capacitor in each cycle

Wa tou to I 2iÉ
Therefore in 10 cycles the totalenergy

is

hyy
10t c

52

At t Too the inductor has a current that

is generated by the energy transferred
during

the last 10 cycles

Therefore at t T 10

wit I

L.ii lotiz Hilt tid I.EE
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f) [5 pts] How would the current through the inductor at time t=T10 change if the inductor is not 
ideal but has a small series resistance, R, resulting in a network with a quality factor much 
greater than unity? 

The small resistive in the indent
will dissipate some of the energy transferred
from the capitis to the inductor this

will make the cement in the inductor

drop a little As I is still large
the effect will be small though
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